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SUMMARY 
Atmospher ic t i d e s produce s m a l l , r e g u l a r , w o r l d - w i d e a i r 
p r e s s u r e o s c i l l a t i o n s which occur w i th p e r i o d s o f 1/X t imes a s o l a r 
or l u n a r d a y , where A = 1 , 2 , 3 , . . . The g e n e r a t i n g f o r c e s o f t h e s e 
t i d e s a r e e i t h e r the g r a v i t a t i o n a l f o r c e s of the sun and moon or the 
thermal f o r c e s o f t h e sun caused by t h e p e r i o d i c a b s o r p t i o n and e m i s ­
s i o n o f s o l a r h e a t by the a tmosphere . 
In the lower a tmosphere , t h e s e p r e s s u r e v a r i a t i o n s a r e a l m o s t 
t o t a l l y masked by p r e s s u r e v a r i a t i o n s a s s o c i a t e d w i t h normal weather 
c o n d i t i o n s . The s y s t e m a t i c v a r i a t i o n s show up most p r o m i n e n t l y i n 
t h e e q u a t o r i a l r e g i o n s . By harmonic a n a l y s i s , t h e s e v a r i a t i o n s were 
e x t r a c t e d and i t was shown t h a t the s o l a r s e m i d i u r n a l o s c i l l a t i o n s 
were by f a r the s t r o n g e s t . T h i s s i t u a t i o n p u z z l e d t h e e a r l y s c i e n t i s t s 
v e r y much b e c a u s e i t was known t h a t t h e d i u r n a l t emperature v a r i a ­
t i o n s were s t r o n g e r than t h e s e m i d i u r n a l t emperature v a r i a t i o n s . Why, 
t h e r e f o r e , s h o u l d the d i u r n a l p r e s s u r e v a r i a t i o n no t be t h e s t r o n g e s t ? 
S e v e r a l t h e o r i e s were d e v e l o p e d t o answer t h i s q u e s t i o n , t h e 
most n o t a b l e o f which i s t h e s o - c a l l e d "resonance" t h e o r y . However, 
i t was o n l y r e c e n t l y t h a t t h e q u e s t i o n seems to have been answered i n 
terms of p r o p a g a t i n g waves and a s e m i d i u r n a l t h e r m a l d r i v e r e g i o n i n 
t h e s t r a t o s p h e r e . 
Recent measurements i n the upper atmosphere (around t h e 100 km 
a l t i t u d e ) have shown, c o n t r a r y t o t h e ground measurements , t h a t the 
d i u r n a l o s c i l l a t i o n s a r e dominant or a t l e a s t e q u a l t o t h e s e m i d i u r n a l 
x i 
o s c i l l a t i o n s . Hence , t h e r e has been a r e c e n t i n c r e a s e i n i n t e r e s t i n 
t h e development of t i d a l t h e o r y f o r d i u r n a l o s c i l l a t i o n s i n the h e i g h t 
r e g i o n . 
I t has been v e r y d i f f i c u l t t o a n a l y z e e x i s t i n g winds measurements 
near t h e 100 km a l t i t u d e r e g i o n i n terms of t h e t i d a l harmonic mot ion 
because o f the i n t e r m i t t e n c y of the d a t a . There a r e enough d a t a from 
meteor t r a i l s t o perform a harmonic a n a l y s i s , but the meteor wind d a t a 
o n l y extend from about 80 t o 100 km. A l s o , the r e s o l u t i o n o f the 
meteor wind d a t a has not been v e r y good u n t i l r e c e n t l y . As a r e s u l t , 
i m m e d i a t e l y above 100 km wind da ta from chemiluminous c l o u d s e j e c t e d 
from r o c k e t s must be u s e d . The expense and manner by which the wind 
d a t a a r e o b t a i n e d from r o c k e t s makes i t i m p o s s i b l e t o g e t a l a r g e 
amount of d a t a c l o s e l y spaced t o g e t h e r . M o d i f i c a t i o n s o f t h e F o u r i e r 
a n a l y s i s must be found i n o r d e r to a n a l y z e the d a t a i n terms o f t h e 
t i d a l components . By making use of the p h y s i c a l b e h a v i o r of the 
p r e v a i l i n g , d i u r n a l and s e m i d i u r n a l w i n d s , a g e o m e t r i c a l method of 
a n a l y s i s was d e v e l o p e d i n which t h e s e t h r e e components were r e s o l v e d . 
T h i s a n a l y s i s i s v e r y s i m i l a r t o t h e procedure d e v e l o p e d by Hines [ 1 9 6 6 ] 
i n which he s e p a r a t e d t h e d i u r n a l component o n l y . 
In a d d i t i o n , the r o c k e t wind d a t a were a n a l y z e d by u s i n g a p r o ­
cedure d e v e l o p e d by Groves [ 1 9 5 9 ] , A c c o r d i n g t o G r o v e s , h i s procedure 
a l l e v i a t e s somewhat the problem of i n t e r m i t t e n c y i n t h e da ta w i t h 
r e s p e c t t o t ime and h e i g h t d i s t r i b u t i o n . His p r o c e d u r e i s a g e n e r a l i z a ­
t i o n of t h e l e a s t - s q u a r e s p r o c e d u r e . 
The r e s u l t s o f the two a n a l y s e s a g r e e v e r y w e l l w i t h each o t h e r 
and r e a s o n a b l y w e l l w i th the p r e d i c t i o n s o f t h e l i n e a r i z e d t i d a l t h e o r y . 
x i i 
Both a n a l y s e s computed a p r e v a i l i n g wind which had a w a v e l i k e n a t u r e w i t h 
h e i g h t . The v e r t i c a l wave length and phase d i f f e r e n c e between t h e n o r t h ­
ward and eas tward v e l o c i t y components a s s o c i a t e d w i t h t h i s w a v e l i k e 
mot ion were 26 km and 1 0 2 ° t o 1 2 3 ° . 
The computed v e r t i c a l wave l eng ths of the p r o p a g a t i n g d i u r n a l t i d e 
were 19 and 25 km by t h e g e o m e t r i c a l and Groves a n a l y s e s r e s p e c t i v e l y . 
T i d a l t h e o r y p r e d i c t s a v e r t i c a l wave l eng th o f 20 km f o r t h e ( 1 , 3 ) mode 
of o s c i l l a t i o n . Th i s v a l u e a g r e e s w e l l w i t h the g e o m e t r i c a l method: but 
i f any v i s c o u s d i s s i p a t i o n of t h e d i u r n a l energy t a k e s p l a c e , then the 
v e r t i c a l wave l eng th i s e x p e c t e d to be l eng thened t o become more i n 
agreement w i t h t h e Groves a n a l y s i s . The computed v e l o c i t y a m p l i t u d e s 
f o r the d i u r n a l t i d e were found t o be 19 and 23 m / s e c These v a l u e s a r e 
w e l l be low the t h e o r e t i c a l v a l u e and hence show t h a t s t r o n g d i s s i p a t i o n 
f o r c e s a r e a c t i n g on the wind j u s t above 100 km. The phase d i f f e r e n c e s 
between the component v e l o c i t i e s were c a l c u l a t e d to be 1 0 0 ° t o 1 2 0 ° , 
which a r e s i g n i f i c a n t l y l a r g e r than t h e v a l u e of 9 0 ° p r e d i c t e d by the 
l i n e a r i z e d t i d a l t h e o r y . 
The s e m i d i u r n a l t i d e was found t o be s m a l l e r than t h e d i u r n a l and 
p r e v a i l i n g w i n d s . Th i s t i d e was so s m a l l i n t h e c a s e o f t h e g e o m e t r i c a l 
a n a l y s i s as compared t o the e r r o r t h a t v e r y l i t t l e i n f o r m a t i o n c o u l d be 
o b t a i n e d about i t . However, the Groves a n a l y s i s c a l c u l a t e d a v e l o c i t y 
a m p l i t u d e o f about 20 m / s e c and a v e r t i c a l wave length o f 36 km. Th i s 
c a l c u l a t e d v e r t i c a l wave length a g r e e s v e r y w e l l w i t h the ( 2 , 4 ) mode o f 
o s c i l l a t i o n . The phase d i f f e r e n c e between t h e component v e l o c i t i e s was 
c a l c u l a t e d t o be 1 0 7 ° ; which a g a i n i s s i g n i f i c a n t l y l a r g e r than t h e 
t h e o r e t i c a l l y p r e d i c t e d v a l u e of 9 0 ° . 
x i 
In a l l c a s e s , the winds were observed t o be r o t a t i n g c l o c k w i s e 
w i t h i n c r e a s i n g h e i g h t and to have a downward phase p r o p a g a t i o n I n 
agreement w i t h t h e o r y . 
Energy a n a l y s i s o f t h e t i d a l winds showed t h a t energy d i s s i p a t i o n 
was d e f i n i t e l y o c c u r r i n g immedia te ly above 100 km. T h i s d i s s i p a t i o n o f 
t h e energy may be a t t r i b u t e d t o v i s c o u s f o r c e s and to the e f f e c t s o f 
n o n l i n e a r v e l o c i t y t e r m s , which were n e g l e c t e d i n t h e t i d a l t h e o r y . 
V e l o c i t y d i f f e r e n c e s of wind p r o f i l e s , which had launch t imes 
d i f f e r i n g by i n t e g r a l m u l t i p l e s of a d a y , were a l s o found f o r 1 t o 15 
day s e p a r a t i o n s . These v e l o c i t y d i f f e r e n c e s were a t t r i b u t e d c h i e f l y 
to the e f f e c t s o f g r a v i t y w a v e s . The r e s u l t s agreed v e r y w e l l w i t h 




I n t r o d u c t i o n 
For many y e a r s man has been f a m i l i a r w i t h t h e s y s t e m a t i c 
changes of t h e t i d e s i n t h e o c e a n , w i t h a maximum and minimum t i d e 
o c c u r r i n g t w i c e a d a y . These t i d e s c o u l d e a s i l y be e x p l a i n e d as a 
r e s u l t of t h e g r a v i t a t i o n a l f o r c e s e x e r t e d on t h e e a r t h by the sun 
and moon. A l s o , due t o t h e f a c t t h a t t h e sun i s much f a r t h e r from 
t h e e a r t h than the moon, the i n f l u e n c e of t h e moon on t h e t i d e s i s 
about t w i c e t h e i n f l u e n c e of t h e sun . 
The e a r l y s c i e n t i s t s a l s o knew t h a t t h e s e same g r a v i t a ­
t i o n a l f o r c e s were a c t i n g on t h e e a r t h ' s a tmosphere . Thus t h e y 
conc luded t h a t t h e r e shou ld a l s o be some s y s t e m a t i c t i d a l mot ion 
of the a i r i n t h e a tmosphere . W i t h t h e use of the barometer i t was 
n a t u r a l f o r t h e s c i e n t i s t s t o s t a r t l o o k i n g f o r t i d a l v a r i a t i o n s 
i n t h e a t m o s p h e r i c p r e s s u r e . At f i r s t no such s y s t e m a t i c v a r i a t i o n s 
c o u l d be d e t e c t e d , e s p e c i a l l y a t moderate l a t i t u d e s . Then l a t e i n 
t h e e i g h t e e n t h c e n t u r y , b a r o m e t r i c measurements were c a r r i e d out 
i n the t r o p i c s which showed d i s t i n c t s o l a r 12 hour v a r i a t i o n s i f 
the v a r i a t i o n s were p l o t t e d f o r a few d a y s . 
These e a r l y o b s e r v a t i o n s p u z z l e d t h e s c i e n t i s t s . The g r a v i ­
t a t i o n a l f o r c e of the moon i s t w i c e as g r e a t as the s u n ' s f o r c e , and 
the l u n a r a t m o s p h e r i c t i d e s shou ld t h e r e f o r e c e r t a i n l y be as g r e a t 
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as or g r e a t e r than the s o l a r t i d e s i f g r a v i t a t i o n a l f o r c e s o n l y were 
c o n s i d e r e d . At about t h i s t i m e , P. S. L a p l a c e of P a r i s , France 
d e v e l o p e d the f i r s t dynamica l t h e o r i e s o f o c e a n i c and a t m o s p h e r i c 
t i d e s . In h i s work he p o s t u l a t e d t h a t the s o l a r b a r o m e t r i c o s c i l l a ­
t i o n s a r e m a i n l y due to the thermal a c t i o n of the sun r a t h e r than t o 
the g r a v i t a t i o n a l a c t i o n . 
Beginning of Resonance Theory 
Th i s e x p l a n a t i o n of t h e s o l a r o s c i l l a t i o n s was a l s o a p u z z l e 
b e c a u s e i t was a known f a c t t h a t the d i u r n a l term i n the t emperature 
v a r i a t i o n was much l a r g e r than t h e s e m i d i u r n a l v a r i a t i o n . However, 
Lord K e l v i n in 1882 p r e s e n t e d a way out of t h i s di lemma. His t h e o r y 
p o s t u l a t e d t h a t i f the whole atmosphere were regarded as an o s c i l l a t i n g 
s y s t e m , then t h e s e m i d i u r n a l p r e s s u r e o s c i l l a t i o n c o u l d be enhanced 
by t h e atmosphere through a p r o c e s s of r e s o n a n c e . 
The f i r s t t e s t of t h e v a l i d i t y of t h i s t h e o r y would be t o 
i n v e s t i g a t e the p e r i o d of f r e e o s c i l l a t i o n s of an atmosphere c o v e r i n g 
a s p h e r i c a l earth to check i f t h e atmosphere cou ld support r e s o n a n c e 
of the 12 hour p e r i o d i c o s c i l l a t i o n . L a p l a c e was the f i r s t t o d e v e l o p 
t i d a l t h e o r y . H i s t h e o r y was d e v e l o p e d i n 1823 and was a p p l i e d t o 
ocean t i d e s . He made a c a l c u l a t i o n of the f r e e o s c i l l a t i o n o f a 
s p h e r i c a l ocean of uni form depth h i n t h e p r e s e n c e of the g r a v i t a ­
t i o n a l f i e l d of t h e e a r t h which i s assumed t o cause a c o n s t a n t v e r t i c a l 
a c c e l e r a t i o n g . The s p h e r i c a l ocean of un i form depth can be c o n s i d e r e d 
as a two d i m e n s i o n a l r e s o n a t o r i f o n l y waves of much g r e a t e r l e n g t h 
than the depth o f the ocean a r e c o n s i d e r e d . The v e l o c i t y of t h e s e 
l ong waves was shown t o be v/gh" . Thus i t i s n a t u r a l to e x p e c t t h e 
r e s o n a n t f r e q u e n c i e s t o depend on the depth of t h e ocean as w e l l as 
the p e r i o d of o s c i l l a t i o n . 
Then L a p l a c e t r i e d t o apply h i s t h e o r y t o a t m o s p h e r i c t i d e s 
by assuming t h a t the atmosphere was i s o t h e r m a l and t h a t o s c i l l a t i o n s 
i n the atmosphere t o o k p l a c e i s o t h e r m a l l y . From t h e s e as sumpt ions he 
was a b l e t o show t h a t the r e s o n a n t p e r i o d s o f the atmosphere were t h e 
same as t h o s e of an ocean w i t h a depth e q u a l t o the s c a l e h e i g h t of 
the a t m o s p h e r e . The s c a l e h e i g h t of the atmosphere i s d e f i n e d as 
H = R T o ( I -
Mg 
where R i s t h e u n i v e r s a l gas c o n s t a n t , M i s the mean m o l e c u l a r we ight 
of a i r and T q i s t h e u n d i s t u r b e d t e m p e r a t u r e . 
Development of N o t a t i o n . B e f o r e f u r t h e r development of t h e 
h i s t o r y i s c a r r i e d o u t , some a d d i t i o n a l nomenc la ture shou ld be g i v e n . 
Le t S r e p r e s e n t the s o l a r p r e s s u r e o s c i l l a t i o n wi th a p e r i o d o f 
A 
2 4 / A h o u r s . The a m p l i t u d e s and phases o f S w i l l be dependent on b o t h 
A 
t h e l o n g i t u d e and l a t i t u d e . I t i s p o s s i b l e t o r e s o l v e S i n t o terms of 
A 
g 
S ( s = 0 , 1 , 2 , . . , ) where t h e a m p l i t u d e s and phases w i l l now 
A 
s 
depend on the c o l a t i t u d e o n l y . Here S i s c a l l e d a wave f a m i l y . A 
A 
g 
s t i l l f u r t h e r r e d u c t i o n may be o b t a i n e d by expanding S i n terms o f a 
A 
s e t of s p h e r i c a l harmonics c a l l e d Hough's F u n c t i o n s . Hough [ 1 8 9 8 ] 
d e v e l o p e d t h e s e f u n c t i o n s f o r the s p e c i f i c purpose of s o l v i n g L a p l a c e ' s 
t i d a l wave e q u a t i o n . Each term of t h e s e e x p a n s i o n s has c o n s t a n t 
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amplitude and constant phase and is cal led a wave type and i s denoted 
by S (n = 1, 2 , 3 . . . ) . As was suggested above, the appropriate A , n 
resonance parameter i s the quantity h, which i s ca l led the "equivalent 
depth" when applied to atmospheric t i d e s . The quantity h depends on 
a l l three of the parameters A , s , n so that each wave type has i t s own 
part icular equivalent depth. From theoret ica l formulism i t follows 
that free o s c i l l a t i o n s of the atmosphere may occur only at one or 
more values of h which are ca l led eigenvalues of the atmosphere and 
denoted as h. These eigenvalues w i l l depend on the structure of the 
atmosphere under consideration. The c loser a value of h i s to an 
.A. 
eigenvalue h, the higher the resonance magnification w i l l be. 
I t was found that the wave type most responsible for the semi-
2 
diurnal so lar pressure o s c i l l a t i o n was the S 2 ^ term, which has an 
equivalent depth of h = 7 ,85 km. For purposes of convenience, the 
s 2 
wave types S are many times abbreviated to ( s ,n ) modes, i . e . S 0 0 A , n 2., L 
i s ca l led the ( 2 , 2 ) mode. 
ATMOSPHERE IN A D I A B A T I C EQUILIBRIUM. I N 1910, Lamb [1924] 
showed that Laplace was not j u s t i f i e d in considering the atmosphere as 
isothermal. Lamb assumed that the atmosphere was in adiabatic e q u i l i b ­
rium and that o s c i l l a t i o n s in the atmosphere took place ad iabat i ca l ly . 
From this he showed that the conclusions of Laplace were va l id only i f 
the depth of the "equivalent ocean" was taken to be h = H q where H q i s 
the scale height of the atmosphere at ground l e v e l . The value of H Q 
varies from about 7 .3 km at the poles to 8 .7 km at the equator with a 
mean value of 8 .4 km. This agrees wel l with equivalent depth of the 
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( 2 , 2 ) mode, so re sonant m a g n i f i c a t i o n of the 12 hour p e r i o d would be 
e x p e c t e d . 
Lamb a l s o showed t h a t i f d i s s i p a t i v e f o r c e s were s m a l l the 
r e s o n a n c e c o u l d be v e r y s h a r p , so t h a t , i f t h e s e m i d i u r n a l o s c i l l a ­
t i o n were t o be a m p l i f i e d a p p r e c i a t i v e l y , t h e p e r i o d o f the f r e e 
o s c i l l a t i o n would have to be w i t h i n a few minutes o f 12 h o u r s . He a l s o 
p o i n t e d out t h a t i f t h i s sharp resonance were the c a s e , then the s o l a r 
s e m i d i u r n a l o s c i l l a t i o n c o u l d be g r e a t l y m a g n i f i e d w i t h o u t the l u n a r 
s e m i d i u r n a l o s c i l l a t i o n be ing m a g n i f i e d . The p e r i o d of t h e lunar 
s e m i d i u r n a l o s c i l l a t i o n i s about 12 hours 2 5 . 2 m i n u t e s . T h i s r e s u l t 
would mean t h a t the r e l a t i v e importance o f the g r a v i t a t i o n a l and 
thermal t i d e - p r o d u c i n g f o r c e s should be r e c o n s i d e r e d b e c a u s e t h e s o l a r 
s e m i d i u r n a l o s c i l l a t i o n cou ld now be produced from e i t h e r g e n e r a t i n g 
f o r c e , g r a v i t a t i o n a l or t h e r m a l . T h i s q u e s t i o n was no t s o l v e d u n t i l 
much l a t e r . 
T w o - l a y e r Temperature M o d e l . Resonance t h e o r y seemed t o be 
w e l l e s t a b l i s h e d . However as t ime went o n , knowledge of t h e e a r t h ' s 
atmosphere was i n c r e a s e d . The s t r u c t u r e of t h e atmosphere turned out 
t o be a more c o m p l i c a t e d one than a t f i r s t c o n s i d e r e d . New c a l c u l a ­
t i o n s o f the f r e e o s c i l l a t i o n s o f t h e atmosphere were made by u s i n g 
a t w o - l a y e r model of the a tmosphere . T h i s model c o n s i s t e d of a 
c o n s t a n t t emperature g r a d i e n t i n t h e lower l a y e r , t h e t r o p o s p h e r e , and 
un i form temperature i n the upper l a y e r , t h e s t r a t o s p h e r e . The e i g e n -
v a l u e t h a t was c a l c u l a t e d from t h i s model was h = 10 km which 
c o r r e s p o n d s t o a f r e e p e r i o d o f about 1 0 . 5 h o u r s . T a y l o r [ 1 9 3 6 ] showed 
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t h a t t h i s c a l c u l a t e d e i g e n v a l u e was i n v e r y good agreement w i t h d a t a 
t h a t was o b t a i n e d from t h e Krakatau v o l c a n o e r u p t i o n i n 1 8 8 3 . A c c o r d i n g 
t o L a p l a c e ' s t h e o r y , t h e wave d i s t u r b a n c e caused by t h e e r u p t i o n shou ld 
2 
p r o p a g a t e a t a v e l o c i t y g i v e n by V = g h . P r e s s u r e measurements a t 
d i f f e r e n t p o i n t s on t h e e a r t h showed t h a t t h e v e l o c i t y o f t h e d i s t u r b i n g 
wave was about 319 m / s e c . T h i s v e l o c i t y would correspond t o a v a l u e 
o f h = 1 0 . 4 km i n agreement w i t h the above e i g e n v a l u e . 
F i v e - l a y e r Temperature M o d e l . I f the t w o - l a y e r model were 
c o r r e c t i n i t s p r e d i c t i o n o f a f r e e p e r i o d o f o s c i l l a t i o n o f 1 0 . 5 
h o u r s , then r e s o n a n c e t h e o r y would be c o m p l e t e l y d e s t r o y e d . Th i s p o s s i ­
b i l i t y l e d T a y l o r t o show t h a t model a tmospheres c o u l d e x i s t w i t h more 
than one e i g e n v a l u e . P e k e r i s [ 1 9 3 7 ] ex tended T a y l o r ' s i n v e s t i g a t i o n 
by c a l c u l a t i n g two e i g e n v a l u e s of t h e a tmosphere , h = 10 km and h = 8 km. 
P e k e r i s assumed a f i v e - l a y e r model o f t h e atmosphere which t o o k i n t o 
account the t empera ture maximum near t h e h e i g h t o f 50 km which was 
deduced from s t u d i e s o f the anomalous p r o p a g a t i o n of sound and from t h e 
e x i s t e n c e of n o c t i l u c e n t c l o u d s . In h i s paper P e k e r i s a l s o brought 
the m a t h e m a t i c a l t r e a t m e n t o f t h e prob lem, r e s t r i c t e d t o g r a v i t a t i o n a l 
e x c i t a t i o n , i n t o f i n a l form. 
Thus r e s o n a n c e t h e o r y a g a i n ga ined good s t a n d i n g . However, 
a l l t h e work t h a t had been c o n s i d e r e d up t o t h i s t ime had been done 
f o r e s s e n t i a l l y one p u r p o s e : t o e x p l a i n the l a r g e s e m i d i u r n a l s o l a r 
o s c i l l a t i o n . P r e s s u r e o s c i l l a t i o n s wi th o t h e r p e r i o d i c i t i e s , such as 
24 hour and a s m a l l 8 hour and 6 h o u r , had a l s o been observed b u t 
they were more or l e s s i g n o r e d i n t h e development o f t h e t h e o r y . 
7 
Breakdown of the Resonance T h e o r y . S i e b e r t and K e r t z s e p a r a t e l y 
ex tended t h e t h e o r e t i c a l deve lopments t o i n c l u d e a l l t h e o s c i l l a t i o n s 
t h a t had been observed b e f o r e 1 9 5 7 . T h e i r c o n c l u s i o n was t h a t the 
r e s o n a n c e m a g n i f i c a t i o n o f t h e ( 2 , 2 ) mode of o s c i l l a t i o n i s o f t h e 
same order of magnitude as t h a t of the o t h e r o s c i l l a t i o n s . Hence , 
the s e m i d i u r n a l o s c i l l a t i o n c o u l d no t be f a v o r e d by r e s o n a n c e . A l s o , 
w i th t h e advent o f new data on t h e upper atmosphere o b t a i n e d by 
r o c k e t s , t h e t emperature maximum a t about 50 km a l t i t u d e , needed f o r 
t h e c a l c u l a t i o n of t h e e i g e n v a l u e h = 8 km, was observed t o be too 
s m a l l . The t emperature maximum was observed t o be l e s s than 3 0 0 ° K. 
A t emperature maximum of a t l e a s t 3 5 0 ° K was needed t o o b t a i n an 
e i g e n v a l u e of h = 8 km. 
Thus t h e s e c o n s i d e r a t i o n s and o t h e r e m p i r i c a l f a c t s s u g g e s t e d 
abandonment of the re sonance t h e o r y . However, t h i s would mean t h a t 
t h e s e m i d i u r n a l o s c i l l a t i o n and t h e o t h e r o s c i l l a t i o n s would have t o 
be caused s o l e l y by thermal e f f e c t s . T h e r e f o r e a d d i t i o n a l s o u r c e s o f 
thermal e x c i t a t i o n were i n v e s t i g a t e d . I t was found by S i e b e r t [ 1 9 6 1 ] 
and by Smal l and B u t l e r [ 1 9 6 1 ] t h a t a b s o r p t i o n of s o l a r energy by 
water vapor i n t h e t r o p o s p h e r e and ozone i n t h e s t r a t o s p h e r e can a c t 
as s o u r c e s o f t h e thermal o s c i l l a t i o n s . T h e i r t h e o r i e s a g r e e r a t h e r 
w e l l w i t h o b s e r v a t i o n s . 
In a d d i t i o n t o t h e new t h e o r i e s on the s o u r c e s and d r i v i n g 
f o r c e s o f the a tmospher i c o s c i l l a t i o n s , r e c e n t r o c k e t and meteor d a t a 
have shown t h a t , even though the s e m i d i u r n a l o s c i l l a t i o n s appear as 
t h e s t r o n g e s t o s c i l l a t i o n s a t ground l e v e l , t h e d i u r n a l o s c i l l a t i o n s 
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appear t o be dominant , or a t l e a s t e q u a l t o the s e m i d i u r n a l o s c i l l a ­
t i o n s , i n the m e s o s p h e r i c and thermospher i c r e g i o n s . 
To conc lude t h e h i s t o r i c a l deve lopment , F i g u r e 1 shows t h e 
t emperature mode l s of t h e atmosphere which were used i n t h e d e v e l o p ­
ment of the t h e o r y . Compared w i th t h e s e mode l s i s t h e c u r r e n t 
t emperature model which was o b t a i n e d from the U. S. Standard Atmosphere 
[ 1 9 6 2 ] . 
A more thorough b i b l i o g r a p h y o f the h i s t o r i c a l development o f 
a t m o s p h e r i c t i d a l t h e o r y i s g i v e n i n S i e b e r t [ 1 9 6 1 ] . 
Purpose of Further Research 
P r e s e n t t h e o r i e s c o n s i d e r o n l y a n o n - r e s o n a n t a tmosphere . A 
f u r t h e r u n d e r s t a n d i n g o f t h e s t r u c t u r e of t h e a tmosphere , such as 
t emperature and d e n s i t y p r o f i l e s , i s be ing sought i n an e f f o r t t o 
e x p l a i n a t m o s p h e r i c o s c i l l a t i o n s and e v e n t u a l l y t o p r e d i c t t h e s e 
o s c i l l a t i o n s over s h o r t p e r i o d s of t i m e . 
Further r e s e a r c h i n the g e n e r a l area of upper atmosphere p h y s i c s 
i s g r e a t l y needed for many reasons, some of which w i l l be d i s c u s s e d 
h e r e . One problem under c o n s i d e r a t i o n d e a l s w i t h communc ia t ions . 
Research i s be ing done on t h e p o s s i b i l i t y of us ing a r t i f i c i a l c l o u d s 
of i o n s , d e p o s i t e d i n t h e atmosphere by r o c k e t s , t o r e f l e c t s i g n a l s s o 
t h a t communication can be c o n t i n u e d between d i f f e r e n t p o i n t s on the 
e a r t h even dur ing i o n i c s t o r m s . A l s o , Rosenberg , Edwards, and W r i g h t 
[ 1 9 6 4 ] have shown a d i s t i n c t c o r r e l a t i o n between wind s h e a r s and t h e 
s p o r a d i c E . Other p e o p l e a r e i n v e s t i g a t i n g t h e p o s s i b l e c o r r e l a t i o n 
of winds w i t h o t h e r a tmospher i c p a r a m e t e r s . 
2 0 0 3 0 0 4 0 0 5 0 0 
D e g r e e s , K e l v i n 
Figure 1 . Temperature Models o f the Atmosphere . 
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Another problem d e a l s w i t h the d e t e r m i n a t i o n of the f o r c e s t h a t 
the atmosphere e x e r t s on r o c k e t s and space v e h i c l e s as they pas s through 
the a t m o s p h e r e . These f o r c e s p r e s e n t problems w i t h t r a j e c t o r y c a l c u ­
l a t i o n s because t h e d e n s i t y p r o f i l e and d e n s i t y f l u c t u a t i o n s of the 
atmosphere a r e no t known a c c u r a t e l y enough. 
Y e t a n o t h e r problem d e a l s w i t h r a d i o a c t i v e f a l l - o u t . B e t t e r 
unders tand ing of the upper a tmospher i c c i r c u l a t i o n i s needed i n o r d e r 
t o p r e d i c t t h e paths of r a d i o a c t i v e m a t e r i a l s i n t h e a t m o s p h e r e . 
The purpose o f the p r e s e n t s tudy i s t o p r e s e n t a d d i t i o n a l 
i n f o r m a t i o n on some of the parameters of t h e t i d a l w i n d s , such as 
w a v e l e n g t h , phase and v e l o c i t y a m p l i t u d e s of d i f f e r e n t modes , i n the 
h e i g h t r e g i o n around 100 km. Th i s i s the h e i g h t r e g i o n which i s t o o 
h i g h f o r b a l l o o n and meteor r e s e a r c h and t o o low f o r s a t e l l i t e s . 
Hence r o c k e t s which r e l e a s e d chemi- luminous c l o u d s i n t o the atmosphere 
were u s e d . T h i s h e i g h t r e g i o n i s a l s o important b e c a u s e i t i s the 
r e g i o n where v i s c o u s f o r c e s b e g i n t o p l a y an important r o l e i n the 
d iss ipat ion o f a tmospher i c e n e r g y . 
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CHAPTER I I 
THEORY 
U n t i l r e c e n t t imes a tmospher i c t i d a l theory d e a l t a l m o s t e x c l u ­
s i v e l y w i t h the s e m i d i u r n a l o s c i l l a t i o n . Th i s s i t u a t i o n was brought 
about by the dominance of the s e m i d i u r n a l o s c i l l a t i o n s i n t h e a t m o s ­
p h e r i c winds and p r e s s u r e v a r i a t i o n s a t or near ground l e v e l . However 
w i t h the development of b e t t e r t e c h n i q u e s of o b t a i n i n g d a t a i n r e c e n t 
y e a r s , such as improved r o c k e t t e c h n i q u e s and improved radar o b s e r v a ­
t i o n s o f meteor t r a i l s , the d i u r n a l o s c i l l a t i o n s seem t o be dominant i n 
the m e s o p h e r i c w i n d s . As a r e s u l t , the a tmospher i c t h e o r y f o r t h e 
d i u r n a l o s c i l l a t i o n s has ga ined a g r e a t d e a l o f i n t e r e s t . In the 
f o l l o w i n g development of t h e t h e o r y , main emphasis w i l l be g i v e n t o the 
r e c e n t deve lopments on the d i u r n a l o s c i l l a t i o n s . 
T i d a l Equat ions 
A summary of the a tmospher i c t i d a l t h e o r y deve loped p r i o r to the 
1 9 6 0 ' s i s g i v e n by S i e b e r t [ 1 9 6 1 ] , An expans ion of h i s work i n m a t h e ­
m a t i c a l d e t a i l i s g i v e n i n Appendix A , The b a s i c t h e o r e t i c a l e q u a t i o n 
i s L a p l a c e ' s T i d a l Equat ion which i s g i v e n f o r a l o n g i t u d i n a l wave 
number s and a f requency of o s c i l l a t i o n a (See e q u a t i o n A - 9 5 ) . 
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+ 
4 a 2 a) 2 
gh 
n 
A ,n ( I I - D 
where u = cos 
= c o l a t i t u d e 






r a d i u s o f t h e e a r t h 
e a r t h ' s r o t a t i o n r a t e 
c o n s t a n t a c c e l e r a t i o n of gravi ty-
e q u i v a l e n t depth 
0 = Hough Func t ions 
A ,n 
T h i s e q u a t i o n g i v e s t h e l a t i t u d e dependence f o r the atmosphere o f 
the q u a n t i t y 
K J 
X - ( H - 2 ) 
g h 
Y - 1 
where x i s t h e d i v e r g e n c e o f t h e wind v e l o c i t y , K = ^ — , H i s t h e 
s c a l e h e i g h t as d e f i n e d by e q u a t i o n 1 - 1 and J i s t h e hea t added per u n i t 
mass per u n i t t i m e . The a l t i t u d e dependence o f the q u a n t i t y I I - 2 i s 
g i v e n by e q u a t i o n A - 6 8 . 
d 2 y n ( x ) 1 
9 x 2 4 
4 / 9HX 
1 K H ( X ) + • 
h V 3x, 
n \ 
- x / 2 
y n ( x ) -
g y h n 
J n ( x ) e ( H - 3 ) 
where x = 
z d£ 
_ H T C T 
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z = a l t i t u d e 
x/2 K J ( z ) 
y n ( x ) e = X n ( z ) ~ ~ 
g H ( z ) 
c 
y = = 1.4 ( r a t i o of s p e c i f i c h e a t s ) 
c 
v 
Then t h e t i d a l f i e l d s can be e x p r e s s e d i n terms o f Y n ( x ) and 
0^ ( y ) as (See e q u a t i o n s A-121 t h r u A-125): 
A ,n 
U n
 4 a u)2 ( f 2 - c o s 2 6) V 3x 2 7 \38 
i c o t 6 8 \ i ( a t + s<j>) 
— 0* e (II-4) 
f H J A » N 
N
 2 2 2 V " y n i l 
4 aco ( f - c o s 0) \ 8x 2 / \ f 90 
i ( a t + scf>) 
0* e (II-5) 
A ,n 
s i n 0 3<J> 
i a
 / 0 f 8y / H 
w = - — U + y h e
x / 2
 - i£ + [ — 
n n n . \ , 
g _3x \ h n 
1 4 
^s i ( a t + stj)) 
A ,n ( H - 6 ) 
6 p 
n 
P 0 W 
H 
- x " X / 2 / 3y 
n ~ x , n I n 





i ( a t + s<J>) 
( H - 7 ) 
6 T 
M fi 3H ygh 
_ J _n ° n 
R I H 3x i a 
x / 2 
KH 1 8H / 3 
h H 3x V 3x 
. n \ . 
• i . i ) 
h 2 / 
n -
where u , v . w , 6p and 6T are c o m p o n e n t s o f the southward , e a s t w a r d . 
n ' n n r n n * 
and v e r t i c a l v e l o c i t i e s , p r e s s u r e v a r i a t i o n and t emperature v a r i a t i o n 
r e s p e c t i v e l y . The t o t a l southward v e l o c i t y i s g i v e n by 
oo 
u = y u 
n = 1 
The t o t a l eas tward and v e r t i c a l v e l o c i t i e s , the t o t a l p r e s s u r e and 
temperature v a r i a t i o n s a r e a l s o d e f i n e d s i m i l a r l y . 
S i n c e the Hough Funct ions a r e i n c o m p l e t e f o r d i u r n a l o s c i l l a t i o n s , 
as e x p l a i n e d by L indzen [ 1 9 6 6 ] , the a d d i t i o n a l e q u a t i o n s A - 1 2 6 through 
i ( o t + s(j>) 
( H - 8 ) 
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A - 1 3 0 must be added t o e q u a t i o n s I I - 4 through I I - 8 whenever d i u r n a l 
o s c i l l a t i o n s a r e c o n s i d e r e d . 
Boundary C o n d i t i o n s 
I n o r d e r t o s o l v e the d i f f e r e n t i a l e q u a t i o n I I - 3 , c e r t a i n 
boundary c o n d i t i o n s must be imposed. W i l k e s [ 1 9 4 9 ] d i s c u s s e s the 
boundary c o n d i t i o n s i n d e t a i l . 
Lower Boundary, One boundary c o n d i t i o n imposed on the s o l u t i o n s 
i s t h a t the v e r t i c a l v e l o c i t y component (and , h e n c e , each of i t s e i g e n -
f u n c t i o n s ) be z e r o a t the s u r f a c e of the e a r t h , or w ( 0 ) = 0 . From 
n 
e q u a t i o n I I - 6 , t h i s i m p l i e s t h a t 
DY /H 
3x V h 
Upper Boundary. The second boundary c o n d i t i o n i s concerned 
wi th the b e h a v i o r of the s o l u t i o n s as x approaches i n f i n i t y . To f i n d 
the n a t u r e of t h i s boundary c o n d i t i o n we must c o n s i d e r t h e f l o w of 
energy i n the d i f f e r e n t d i r e c t i o n s . W i l k e s [ 1 9 4 9 ] g i v e s t h e r a t e a t 
which energy i s f l o w i n g a c r o s s a u n i t a r e a ( f l u x o f energy) as 
1 
E - — R (p v * ) ( 1 1 - 1 0 ) 
2 
1 
- ) y 
1 o 
n 
y g h 
Q ( 0 ) 
n 
( I I - 9 ) 
x = 0 n 
where v and p denote the v e l o c i t y and changes i n p r e s s u r e i n t h e d i r e c ­
t i o n of c o n c e r n . R d e n o t e s the r e a l p a r t of t h e q u a n t i t y i n p a r e n t h e s i s . 
An e x a m i n a t i o n of e q u a t i o n I I - 7 shows t h a t i f we assume t h a t 
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3y 1 
- — y does no t d e c r e a s e r a p i d l y w i t h h e i g h t , then f o r l a r g e x , 
3x 2 n 
the term i n 0, can be n e g l e c t e d . The assumpt ion about ^ n ^ y was 
8x
 2 
proved t o be v a l i d by W i l k e s [ 1 9 4 9 ] , Fur ther examinat ion of t h i s 
p r e s s u r e e q u a t i o n and e q u a t i o n I I - 4 shows t h a t the p r e s s u r e o s c i l l a ­
t i o n s and the n o r t h - s o u t h wind o s c i l l a t i o n s are 9 0 ° out of phase f o r 
l a r g e x . Hence , t h e r e i s e s s e n t i a l l y no f l o w of energy towards the 
p o l e s . 
The r a t e o f energy f l o w i n the e a s t - w e s t d i r e c t i o n can be 
o b t a i n e d from e q u a t i o n s 1 1 - 1 0 , I I - 5 and I I - 7 . I t i s 
Y 2 g h 2 p ( 0 ) 3y 1 ©f / c o s 6 8 0 ? 
E =
 n * o v | ^ n
 Y 1 2 A , n / _ A , n 
8 aoi 2 H 3x 2 n f 2 - c o s 2 9 \ f 3 9 
s i n 9 
A ,n 
( I I - H ) 
The e x p r e s s i o n i s independent o f the l o n g i t u d e <f>. Thus t h e 
amount of energy e n t e r i n g a volume of a i r h o r i z o n t a l l y from an e a s t e r l y 
d i r e c t i o n i s e x a c t l y e q u a l t o amount o f energy f l o w i n g out of t h e 
volume of a i r h o r i z o n t a l l y i n t h e w e s t e r l y d i r e c t i o n . Hence , i n the 
s tudy of energy b a l a n c e , the h o r i z o n t a l f l o w o f energy can be i g n o r e d . 
The v e r t i c a l f l o w of energy i s g i v e n by the e q u a t i o n s 1 1 - 1 0 , 
I I - 6 and I I - 7 . 
v / 9 f a - i r A t i \ 
w * = y h e x / 2 
n ' n 




where the term i n fi i s n e g l e c t e d . 
6p w 
r n n 
» o ( 0 ) T 2 h n / s 




v 3x 2 
H 3y * H 
" 2 l T y n 
n n 
h 3x y n 
Thus 
p ( 0 ) Y 2 h / \ 2 / 3 y * ' 
2 a V X » 7 W N 
( I I - 1 2 ) 
where I d e n o t e s the imaginary p a r t of the q u a n t i t y i n b r a c k e t s . 
Now we can c o n s i d e r the boundary c o n d i t i o n f o r e q u a t i o n I I - 3 as 
x becomes v e r y l a r g e . For c o n v e n i e n c e , l e t us c o n s i d e r t h e c a s e where 
the s c a l e h e i g h t i s independent of a l t i t u d e . Then e q u a t i o n I I - 3 becomes , 
f o r l a r g e x 
a2 y. 
n 
' K H 1 \ 
8 x' 
- - y. 
n 
( H - 1 3 ) 
n 
For s o l u t i o n s of t h i s e q u a t i o n , two c a s e s must be c o n s i d e r e d , 
Case I : 
K H 1 
h 4 
n 
- k < 0 
Then the s o l u t i o n s a r e 
y ( x ) = A + B e " k x 
1 8 
When e q u a t i o n 1 1 - 1 4 i s s u b s t i t u t e d i n t o e q u a t i o n 1 1 - 1 2 , then we 
g e t t h a t the r a t e of f l o w of energy a c r o s s a h o r i z o n t a l p l a n e i s z e r o 
f o r t h i s c a s e . P h y s i c a l l y t h i s means t h a t f o r any mode of a t m o s p h e r i c 
mot ion whose a l t i t u d e dependence i s g i v e n by e q u a t i o n 1 1 - 1 4 , then the 
energy c o n t a i n e d i n t h i s mode i s t rapped a t the a l t i t u d e where t h e 
energy s o u r c e i s l o c a t e d . 
Case I I : 
« H 1 2 n 
n 
Then s o l u t i o n s o f e q u a t i o n 1 1 - 1 3 become 
y (x) = A e i y X + B e ~ i v i X ( 1 1 - 1 5 ) 
In t h i s c a s e , Y n ( x ) remains f i n i t e i n bo th c a s e s , A ^ 0 and B 4 0 . In 
order t o choose between the two s o l u t i o n s , we must n o t e t h a t the energy 
s o u r c e s of a tmospher i c o s c i l l a t i o n s are l o c a t e d i n the lower a tmosphere , 
i . e . be low about 5 0 km a l t i t u d e . The r e a s o n f o r t h i s i s t h a t most of 
the s o l a r energy i s absorbed by the atmosphere where t h e a i r d e n s i t y i s 
g r e a t e s t . So a t a s u f f i c i e n t l y h i g h a l t i t u d e , energy w i l l be p r o p a g a t e d 
upwards o n l y . T h i s c o n d i t i o n c o r r e s p o n d s t o the c o n d i t i o n t h a t 
> 0 ( 1 1 - 1 6 ) 
from e q u a t i o n 1 1 - 1 2 . By s u b s t i t u t i n g e q u a t i o n 1 1 - 1 5 i n t o t h i s r e l a t i o n , 
we g e t t h a t 
B = 0 
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So 
y ( x ) = A e iux ( I I - 1 7 ) 
T h e r e f o r e , energy c o n t a i n e d i n any mode of o s c i l l a t i o n whose 
a l t i t u d e dependence i s governed by e q u a t i o n 1 1 - 1 7 w i l l p r o p a g a t e upward 
from i t s s o u r c e r e g i o n . I t might be no ted here t h a t s i n c e t h e r e g i o n 
of concern i n t h e p r e s e n t paper i s s u f f i c i e n t l y above t h e s o u r c e 
r e g i o n , then t h e r e s u l t s of the p r e s e n t paper shou ld show an upward 
f l o w of e n e r g y . I t w i l l be shown l a t e r i n t h i s chapter t h a t t h i s 
c o r r e s p o n d s t o a downward p r o p a g a t i o n o f the p h a s e . 
W a v e l e n g t h 
By a n a l o g y w i t h the second order d i f f e r e n t i a l e q u a t i o n f o r the 
p r o p a g a t i o n of e l e c t r o m a g n e t i c waves , Weekes and W i l k e s [ 1 9 4 7 ] showed 
t h a t e q u a t i o n I I - 3 cou ld be c o n s i d e r e d as a wave t r a v e l l i n g i n a 
medium having a r e f r a c t i v e index u g i v e n by 
In t h e c a s e h e r e , u would c o r r e s p o n d i n g l y be the wave number from 
which the t h e o r e t i c a l v e r t i c a l wave l eng ths f o r the d i f f e r e n t modes o f 
o s c i l l a t i o n can be d e r i v e d . I f X i s taken t o be the v e r t i c a l w a v e l e n g t h , 
then we have 
( 1 1 - 1 8 ) 
2 TT - v 2 
A ( X ) 
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2 TT 
A ( X ) = 






To t r a n s f o r m from the s c a l e h e i g h t c o r r e c t e d a l t i t u d e s x t o t h e 
g e o m e t r i c a l t i t u d e z , we g e t from the d e f i n i t i o n of x 
H ( z ) dx = dz 
A l s o 
Then 
3x 1 
A ( x ) = — A ( z ) = A ( z ) 
3z H ( z ) 
2 TT H ( z ) 
A ( z ) = 
1 / 2 





( 1 1 - 1 9 ) 
The wave l eng ths f o r p a r t i c u l a r modes of o s c i l l a t i o n s are g i v e n 
by s p e c i f y i n g t h e v a l u e s o f t h e e q u i v a l e n t depths h^. F i g u r e 2 shows 
the t h e o r e t i c a l v e r t i c a l wave l eng ths f o r t h e ( 1 , 3 ) mode, t h e ( 2 , 2 ) and 
( 2 , 4 ) m o d e s . These modes have been observed t o be the main c o n t r i b u t o r s 
t o t h e e x p e r i m e n t a l l y de termined d i u r n a l and s e m i d i u r n a l o s c i l l a t i o n s 
i n the lower a tmosphere . The e q u i v a l e n t depths f o r t h e s e modes were 
o b t a i n e d from e q u a t i o n s A - 1 4 2 , A - 1 3 2 , and A - 1 3 4 r e s p e c t i v e l y . The 
h e i g h t dependence o f t h e s c a l e h e i g h t H was o b t a i n e d from The U. S_. 
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Standard Atmosphere [ 1 9 6 2 ] . T h i s f i g u r e shows t h a t t h e w a v e l e n g t h s of 
the ( 1 , 3 ) and ( 2 , 4 ) modes are a p p r o x i m a t e l y c o n s t a n t over t h e 90 t o 
120 km h e i g h t r a n g e . The t h e o r e t i c a l wave length of the ( 2 , 2 ) mode 
v a r i e s r a p i d l y i n t h i s a l t i t u d e r e g i o n , approaching i n f i n i t y a t an a l t i ­
tude near 90 km. In t h e r e g i o n immedia te ly be low 90 km, the ( 2 , 2 ) mode 
wave length becomes i m a g i n a r y . Th i s i s the c a s e when the a l t i t u d e 
dependence o f the ( 2 , 2 ) mode i s e x p o n e n t i a l as shown by e q u a t i o n 1 1 - 1 4 . 
One o f the consequences of an imaginary wave length i s t h a t t h e energy 
c o n t a i n e d i n t h i s mode i s t rapped a t t h i s p a r t i c u l a r h e i g h t reg ion^and. 
w i l l decay e x p o n e n t i a l l y w i th i n c r e a s i n g h e i g h t . Another consequence 
i s t h a t i f t h e r e were a p r o p a g a t i n g wave f o r t h i s mode be low the. h e i g h t 
r e g i o n where t h e wave length i s i m a g i n a r y , then t h e h e i g h t r e g i o n o f the 
imag inary wave length would a c t as a p a r t i a l b a r r i e r t o t h e p r o p a g a t i n g 
wave which would then be r e f l e c t e d downward from the h e i g h t r e g i o n . T h i s 
p r o c e s s c o u l d s e t up a s t a n d i n g wave and i t was the b a s i s o f t h e 
r e s o n a n c e t h e o r y . The s t r e n g t h of t h e r e f l e c t i o n depends on the width 
of the h e i g h t r e g i o n f o r which the wave l eng th i s i m a g i n a r y . 
Hough F u n c t i o n s f o r D i u r n a l O s c i l l a t i o n s 
The s o l u t i o n of L a p l a c e ' s Equat ion I I - l was o b t a i n e d by Hough 
[ 1 8 9 8 ] , He d e v e l o p e d a s e t of s p h e r i c a l f u n c t i o n s 0 A ( 0 ) , which 
A, n 
t o g e t h e r w i t h P ^ Q ) ( A s s o c i a t e d Legendre F u n c t i o n ) form a comple te s e t 
f o r the t i d a l wave f u n c t i o n s . U n t i l r e c e n t l y , i t was f e l t t h a t the 
v a l u e of n must be p o s i t i v e b e c a u s e n e g a t i v e n l e a d s to n e g a t i v e 
e q u i v a l e n t d e p t h s . The i d e a of a n e g a t i v e e q u i v a l e n t depth may seem 
u n r e a s o n a b l e , but i n f a c t , t h e name - e q u i v a l e n t depth - i s m i s l e a d i n g . 
The meaning of the e q u i v a l e n t depth can be seen from e q u a t i o n s I I - 4 , 
Figure 2 . T h e o r e t i c a l Wave lengths f o r the ( 1 , 3 ) , ( 2 , 4 ) 
and ( 2 , 2 ) Modes o f O s c i l l a t i o n . 
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I I - 5 , I I - 6 and the boundary c o n d i t i o n s on e q u a t i o n I I - 3 . For p o s i t i v e 
h n ' s , c a s e I I of the boundary c o n d i t i o n s p r e v a i l s and the q u a n t i t i e s u^, 
x / 2 





» c a s e I o f t h e boundary c o n d i t i o n s of e q u a t i o n I I - 3 p r e v a i l s and 
the q u a n t i t i e s u , v and w d e c r e a s e w i t h a l t i t u d e . L indzen [19661 
^ n n n 
and Kato [ 1 9 6 6 ] i n d e p e n d e n t l y showed t h a t the e x i s t e n c e of n e g a t i v e 
e q u i v a l e n t depths shou ld be taken i n t o a c c o u n t . As a c o n s e q u e n c e , the 
d i u r n a l o s c i l l a t i o n s can now be r e p r e s e n t e d l a t i t u d i n a l l y by a comple te 
s e t of Hough F u n c t i o n s r a t h e r than h a l f of a comple te s e t . 
A p l o t o f t h e most impor tant symmetric Hough Func t ions f o r t h e 
d i u r n a l t i d e and the most important a n t i s y m m e t r i c f u n c t i o n (P^Ce) = 
cos 0 s i n 0 ) was g i v e n by Lindzen [ 1 9 6 6 ] and i s shown h e r e as F i g u r e 3 . 
I t shou ld be n o t e d tha t f o r p o s i t i v e n , the Hough Func t ions a r e c o n c e n ­
t r a t e d between t h e l a t i t u d e s of ± 3 0 ° , whereas f o r n e g a t i v e n , the 
maximum v a l u e o f the Hough F u n c t i o n s occur between 3 0 ° l a t i t u d e and the 
p o l e s . 
An expans ion of the more important Hough Func t ions f o r the 
s e m i d i u r n a l and d i u r n a l o s c i l l a t i o n s i n terms o f the A s s o c i a t e d 
Legendre P o l y n o m i a l s i s g i v e n i n Appendix A . 
Energy Sources 
The main s o u r c e s of t h e thermal d r i v e f o r the t i d a l winds a r e 
the d i r e c t a b s o r p t i o n o f s o l a r energy by the water vapor i n t h e t r o p o s ­
phere and by ozone i n the s t r a t o s p h e r e . A model f o r the d i u r n a l thermal 
d r i v e was d e v e l o p e d by S i e b e r t [ 1 9 6 1 ] and was e x p r e s s e d i n terms o f 
n o r m a l i z e d Hough Func t ions by Lindzen [ 1 9 6 7 ] . I t i s 
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Figure 3 . Symmetric Hough Funct ions f o r D i u r n a l T i d e . A l s o 
Shown i s s i n 9 c o s 0 , the Most Important Odd Mode 
( A f t e r L indzen [ 1 9 6 7 j ) . 
water vapor 
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Leavy i n 1 9 6 4 gave a model f o r t h e d i u r n a l t h e r m a l d r i v e due t o 
ozone a b s o r p t i o n and i t was expanded i n terms o f t h e n o r m a l i z e d Hough 
F u n c t i o n s by L i n d z e n [ 1 9 6 7 ] as f o l l o w s : 
ozone 
L±± exp [ 0 . 0 1 1 6 ( z - z ^ ] s i n ^ ( z - z ^ e i ( a t + • ) 
x 1 . 6 3 0 8 e] - 0 . 5 1 2 8 e] + 0 . 5 4 4 7 q] 
1 , - 1 1 , — J ± , . 3 
0 . 1 4 1 1 0 *
 5 + 0 . 0 7 2 3 0 * ? 
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+ 0 . 1 8 6 9 g ( s e a s o n ) s i n 9 cos 0 + . ( 1 1 - 2 1 ) 
f o r z - < z < z 2 
and J = 0 
ozone 
f o r z 
where = 18 km 
= 78 km 
For b o t h e q u a t i o n s 1 1 - 2 0 and 1 1 - 2 1 , t h e n u m e r i c a l c o e f f i c i e n t s 
have u n i t s of d e g r e e s K e l v i n and t h e q u a n t i t y 
S i n c e the Hough Funct ions i n e q u a t i o n s 1 1 - 2 0 and 1 1 - 2 1 a r e 
n o r m a l i z e d , then the c o e f f i c i e n t s are measures o f t h e thermal d r i v e f o r 
t h e d i f f e r e n t d i u r n a l modes . I t i s n o t e d t h a t about 80% of the energy 
input goes i n t o modes w i t h n e g a t i v e e q u i v a l e n t d e p t h s . Hence t h i s 
energy i s t rapped i n modes o f o s c i l l a t i o n s which decay e x p o n e n t i a l l y 
w i t h h e i g h t . 
Numer ica l T h e o r e t i c a l P r e d i c t i o n s 
To g e t n u m e r i c a l v a l u e s f o r the v e l o c i t i e s u , v , and w in 
e q u a t i o n s I I - 4 , I I - 5 and I I - 6 , t h e sum o f the e q u a t i o n s 1 1 - 2 0 and 
1 1 - 2 1 must be used i n e q u a t i o n I I - 3 i n order t o s o l v e f o r t h e q u a n t i t y 
g ( s e a s o n ) = + 1 f o r summer 
= - 1 f o r w i n t e r 
0 f o r equ inoxes 
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y ^ ( x ) . However, e q u a t i o n I I - 3 i s a second o r d e r , inhomogeneous , 
d i f f e r e n t i a l e q u a t i o n w i t h v a r i a b l e c o e f f i c i e n t s . L indzen [ 1 9 6 7 ] showed 
t h a t f o r d i u r n a l o s c i l l a t i o n s , an i s o t h e r m a l model would no t be a bad 
assumpt ion b e c a u s e the e q u i v a l e n t depths f o r t h e d i u r n a l modes a r e 
e i t h e r v e r y s m a l l or n e g a t i v e . As a r e s u l t of t h e s e s m a l l - e q u i v a ­
l e n t d e p t h s , the q u a n t i t y u 2 i n e q u a t i o n 1 1 - 1 8 (which i s t h e . . c o e f f i ­
c i e n t of e q u a t i o n I I - 3 ) i s s u f f i c i e n t l y f a r from z e r o so t h a t the 
e f f e c t of v a r y i n g H(x ) w i t h h e i g h t i s of r e l a t i v e l y s m a l l i m p o r t a n c e . 
Hence , i f the i s o t h e r m a l atmosphere i s assumed, then e q u a t i o n 
I I - 3 becomes an o r d i n a r y , inhomogeneous, c o n s t a n t c o e f f i c i e n t , second 
o r d e r , l i n e a r d i f f e r e n t i a l e q u a t i o n which can be s o l v e d f o r y ^ ( x ) . 
And w i t h the Hough Funct ions g i v e n as s o l u t i o n s o f L a p l a c e ' s T i d a l 
Equat ion I I - l , then i t i s a m a t t e r of m a t h e m a t i c a l computat ions t o 
s o l v e n u m e r i c a l l y f o r t h e v e l o c i t i e s u , v and w. L indzen [ 1 9 6 7 ] has 
done t h e s e computat ions and h i s r e s u l t s w i l l be p r e s e n t e d h e r e . 
H o r i z o n t a l V e l o c i t y Ampl i tudes and P h a s e s . The southward 
v e l o c i t y u i s g i v e n by summing e q u a t i o n I I - 4 o v e r a l l n . For a l a t i ­
tude o f 3 0 ° , the ampl i tude and phase o f u a r e g i v e n i n F i g u r e s 4 and 
5 . 
F i g u r e s 4 and 5 a l s o show the a m p l i t u d e and phase o f t h e e a s t ­
ward v e l o c i t y v . 
Note t h a t F i g u r e 5 shows t h a t t h e r e i s a downward p r o p a g a t i o n 
of phase w i t h a 3 6 0 ° c y c l e o f phase about e v e r y 20 t o 30 km d i s p l a c e ­
ment of h e i g h t o T h i s means t h a t the d i u r n a l wind w i l l be o b s e r v e d t o 
change d i r e c t i o n w i t h i n c r e a s i n g h e i g h t and t ime i n the c l o c k w i s e 
d i r e c t i o n and w i l l r o t a t e through 3 6 0 ° a t a p a r t i c u l a r h e i g h t e v e r y 
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1 1 0 
A m p l i t u d e , m / s e c 
F i g u r e 4 . T h e o r e t i c a l V e l o c i t y Ampl i tudes f o r the Southward Component 
( D o t t e d Curve) and Eastward Component ( S o l i d Curve) a t 3 0 ° 
L a t i t u d e and Under E q u i n o c t a l C o n d i t i o n s ( A f t e r L indzen 
[ 1 9 6 7 ] ) . 
F i g u r e 5 . Phase D i s t r i b u t i o n of D i u r n a l T i d e f o r Southward ( D o t t e d 
Curve) and Eastward ( S o l i d Curve) Components a t 3 0 ° L a t i t u d e 
and Under E q u i n o c t i a l C o n d i t i o n s ( A f t e r Lindzen [ 1 9 6 7 ] ) . 
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24 h o u r s . S i m i l a r r e s u l t s show t h a t the s e m i d i u r n a l o s c i l l a t i o n s - h a v e 
a downward phase p r o p a g a t i o n and the wind v e c t o r r o t a t e s c l o c k w i s e w i t h 
i n c r e a s i n g h e i g h t and t i m e . 
A l s o by F igure 5 , the eas tward winds are observed t o b e . a p p r o x i ­
m a t e l y 6 hours ahead of the southward w i n d s . T h i s w o u l d . c o r r e s p o n d , t o 
t h e eastward wind be ing a p p r o x i m a t e l y 9 0 ° out of phase w i t h . the . s o u t h ­
ward wind . The reason f o r t h i s can be seen from e q u a t i o n . I I - 4 and I I - 5 
o f the l i n e a r i z e d E u l e r e q u a t i o n s o f m o t i o n . For a s i n g l e mode o f 
o s c i l l a t i o n , t h e s e e q u a t i o n s show t h a t the southward and eas tward 
v e l o c i t i e s are 9 0 ° out o f p h a s e . F i g u r e 5 shows t h e phase of a s u p e r ­
p o s i t i o n of many modes o f o s c i l l a t i o n s , but the phase d i f f e r e n c e i s 
s t i l l observed to be near 9 0 ° , but not e x a c t l y 9 0 ° , a t t h e h i g h e r 
a l t i t u d e s . 
F i g u r e 4 shows t h a t the southward and eas tward v e l o c i t i e s have 
a p p r o x i m a t e l y e q u a l a m p l i t u d e s f o r 3 0 ° n o r t h l a t i t u d e . T h i s i s n o t 
t r u e f o r lower l a t i t u d e s but i s t r u e f o r 3 0 ° and h i g h e r l a t i t u d e s . 
The p r e d i c t e d v a l u e of the v e r t i c a l v e l o c i t y was l e s s than 
1 m / s e c a t about 85 km a l t i t u d e . 
S u r f a c e P r e s s u r e . From e q u a t i o n s I I - 6 and I I - 7 and t h e c o n d i ­
t i o n t h a t w ( 0 ) = 0 , we g e t f o r t h e s u r f a c e p r e s s u r e v a r i a t i o n 
6 p ( 0 ) = ~ p ( 0 ) y ( 0 ) 0 * e i ( a t + * ) ( 1 1 - 2 2 ) 
n o n x * ii 
a 
i f we n e g l e c t the term i n ft^. I t i s i n t e r e s t i n g t o s e e t h e c o n t r i b u ­
t i o n o f the water v a p o r a b s o r p t i o n and ozone h e a t i n g t o 6 p ( 0 ) 
s e p a r a t e l y . 
3 1 
From Lindzen [ 1 9 6 7 ] , 
5 6 i 1 
<Sp ( 0 ) = [137 0 , _ - 6 8 . 2 0 , _ + 117e 0 , „ 
*water v a p o r 1 , - 1 1 , - 3 1 , 3 
7 5 . 3 i - 8 0 . 5 i 
- 1 3 . Oe 07 + 4 . 1 1 e ©7; 
1 , D 1 , / 
+ . . . ] « 1 ( 0 t + •> pb ( 1 1 - 2 3 ) 
and 
1 1 1 2 . 7 5 1 . 
6p ( 0 ) = [ 4 4 . 1 0 ,
 n - 3 . 4 0 _ . + 9 4 . l e 0 7 . 
r o z o n e 1 , - 1 1 , - 3 1 , 3 
lfi 1 -r l " 6 - 5 7 1 i 
- 3 . 7 5 e ± 0 ° ± © i 5 + 0 . 7 5 4 e 0 ^
 ? 
i ( a t + <J>) 
+ . . . ] e yb ( 1 1 - 2 4 ) 
Comparing t h e s e two e q u a t i o n s , we s e e t h a t the l a r g e s t c o n t r i b u t i o n s 
t o t h e s u r f a c e d i u r n a l p r e s s u r e v a r i a t i o n i s from t h e water v a p o r . However, 
Smal l and B u t l e r [ 1 9 6 1 ] and S i e b e r t [ 1 9 6 1 ] have shown t h a t the s e m i d i u r n a l 
p r e s s u r e o s c i l l a t i o n can be s a t i s f a c t o r i l y accounted f o r by thermal d r i v e s 
r e s u l t i n g m a i n l y from ozone a b s o r p t i o n of s o l a r e n e r g y . 
Equat ion 1 1 - 2 3 a l s o shows t h a t the s o u r c e energy f o r the d i u r n a l 
p r e s s u r e o s c i l l a t i o n s has m a i n l y been put i n t o modes of o s c i l l a t i o n s w i t h 
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n e g a t i v e e q u i v a l e n t d e p t h s . Hence , t h e energy i s t rapped i n t h e . t r o p o s p h e r e 
and does no t p r o p a g a t e t o the ground. This may be an e x p l a n a t i o n - of . the 
observed weak d i u r n a l p r e s s u r e o s c i l l a t i o n s a t ground l e v e l and the observed 
s t r o n g s e m i d i u r n a l o s c i l l a t i o n s . A f u r t h e r check on t h i s cou ld , be. made by 
o b s e r v i n g how t h e two energy s o u r c e s a f f e c t t h e h o r i z o n t a l v e l o c i t y , say the 
southward v e l o c i t y . F i g u r e 6 g i v e s an a l t i t u d e d i s t r i b u t i o n of t h e ampl i tude 
o f u a t 3 0 ° l a t i t u d e and f o r e q u i n o c t i a l c o n d i t i o n s r e s u l t i n g from ( a ) d r i v e 
due t o ozone a b s o r p t i o n a l o n e , and ( b ) d r i v e due t o b o t h ozone and water 
vapor a b s o r p t i o n . This f i g u r e shows t h a t be low about 75 km t h e ampl i tude 
due t o ozone a l o n e i s g r e a t e r than 0 . 5 , and o f t e n g r e a t e r than 0 . 7 5 , of 
t h a t due t o bo th ozone and water vapor a b s o r p t i o n . Furthermore , at ground 
l e v e l t h e ozone a l o n e accounts f o r p r a c t i c a l l y a l l o f t h e a m p l i t u d e . S i n c e 
i t has been shown t h a t the ozone a b s o r p t i o n g i v e s r i s e main ly t o s e m i ­
d i u r n a l p r e s s u r e o s c i l l a t i o n s , then t h i s i s i n v e r y good agreement w i t h 
o b s e r v a t i o n s a t ground l e v e l „ 
Above 75 km a l t i t u d e , the ampl i tude due t o ozone a b s o r p t i o n a l o n e 
f a l l s t o l e s s than 25% of the ozone and water vapor a b s o r p t i o n . Hence t h i s 
would a g a i n a g r e e w i t h o b s e r v a t i o n s because the water vapor a b s o r p t i o n s u p ­
p o s e d l y g i v e s r i s e ma in ly t o a d i u r n a l o s c i l l a t i o n . 
3 3 
V e l o c i t y A m p l i t u d e , m / s e c 
F i g u r e 6 . Southward V e l o c i t y Ampl i tude D i s t r i b u t i o n a t 3 0 ° L a t i t u d e 
and For E q u i n o c t i a l C o n d i t i o n s R e s u l t i n g From ( a ) D r i v e Due 
t o Ozone A b s o r p t i o n Alone ( D o t t e d C u r v e ) , and ( b ) D r i v e Due 
t o Both Ozone and Water Vapour A b s o r p t i o n ( S o l i d Curve) 
( A f t e r L indzen [ 1 9 6 7 ] ) . 
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CHAPTER I I I 
EXPERIMENTAL MEASUREMENTS 
Radar o b s e r v a t i o n s o f meteor t r a i l s i n the 80 t o 105-km r e g i o n 
have shown the e x i s t e n c e of both s y s t e m a t i c and i r r e g u l a r - w i n d s i n 
t h i s h e i g h t r a n g e . The s y s t e m a t i c winds c o n s i s t o f a s l o w l y . v a r y i n g . . 
p r e v a i l i n g component, d i u r n a l and s e m i d i u r n a l t i d a l o s c i l l a t i o n s , and 
a s m a l l t e r d i u r n a l component. (For a b i b l i o g r a p h y of t h e meteor t r a i l 
t i d a l o b s e r v a t i o n s s e e Hines [ 1 9 6 6 ] , ) As e x p e c t e d from t i d a l t h e o r y 
p r e s e n t e d in Chapter I I , the d i u r n a l and s e m i d i u r n a l components 
e x h i b i t c l o c k w i s e r o t a t i o n of t h e wind v e c t o r i n the n o r t h e r n hemisphere . 
W i t h the use of r o c k e t s , a l a r g e number of c h e m i c a l . r e l e a s e 
exper iments have now been performed i n the n o r t h e r n h e m i s p h e r e , 
p r i m a r i l y i n the 80 t o 1 4 0 km r e g i o n and a t morning or evening t w i ­
l i g h t . The u s e o f T r i m e t h y l Aluminum (TMA) r e l e a s e s has r e c e n t l y 
p r o v i d e d n i g h t i m e wind d a t a , p r i m a r i l y i n the 90 t o 140 km r e g i o n . 
Most of t h e wind p r o f i l e s o b t a i n e d by p h o t o g r a p h i c t r a c k i n g of t h e s e 
c h e m i c a l r e l e a s e t r a i l s show a c l o c k w i s e r o t a t i o n o f t h e t o t a l wind 
v e c t o r w i t h i n c r e a s i n g h e i g h t . These o b s e r v a t i o n s i n d i c a t e t h a t 
t i d a l components may make a l a r g e c o n t r i b u t i o n t o t h e t o t a l winds 
o b s e r v e d by t h i s method. However, a method of e x t r a c t i n g t i d a l com­
ponents from i n d i v i d u a l wind p r o f i l e s has not been found , and t o d a t e , 
t h e r e have not been l a r g e numbers of c h e m i c a l r e l e a s e s s u f f i c i e n t l y 
c l o s e l y spaced i n t ime on which t o perform an harmonic a n a l y s i s 
s i m i l a r t o t h a t employed on the meteor t r a i l w i n d s . 
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G e o m e t r i c a l Method of A n a l y s i s 
Hines [ 1 9 6 6 ] has deve loped and employed, a method, of e x t r a c t i n g 
t i d a l components from the mean winds obta ined- from l a r g e numbers of 
c h e m i c a l r e l e a s e s . Th i s method u s e s o n l y dawn and dusk wind d a t a and 
r e s o l v e s the averaged winds a t a g i v e n a l t i t u d e i n t o d i u r n a l and p r e ­
v a i l i n g p l u s s e m i d i u r n a l components . The r e s u l t a n t components 
r e p r e s e n t some form of average of the t i d a l winds o v e r the p e r i o d of 
o b s e r v a t i o n ( f o u r y e a r s , f o r the d a t a which Hines u s e d ) . Hines 
conf i rms t h e c l o c k w i s e r o t a t i o n of t h e d i u r n a l wind v e c t o r and 
d e t e r m i n e s the wave l e n g t h of the d i u r n a l t i d e t o be 20 ± 3 km in t h e 
1 0 0 t o 1 2 0 km h e i g h t r e g i o n . T h i s i s i n agreement w i t h the t h e o r e t i c a l 
wave l e n g t h of t h e ( 1 , 3 ) t i d a l mode, as shown by F i g u r e 2 . 
The A n a l y s i s Procedure 
The f o l l o w i n g g e o m e t r i c a l method of a n a l y z i n g the wind data i s 
an e x t e n s i o n of t h e method d e v e l o p e d by H i n e s . Th i s a n a l y s i s makes 
use of winds o b t a i n e d near m i d n i g h t , as w e l l as dawn and dusk wind 
d a t a . The method i s d e s i g n e d t o s e p a r a t e l y r e s o l v e t h e s e m i d i u r n a l 
and p r e v a i l i n g components i n a d d i t i o n t o the d i u r n a l component. 
Method of A n a l y s i s . The wind d a t a used h e r e were o b t a i n e d from 
c h e m i c a l r e l e a s e s f i r e d from E g l i n AFB, F l o r i d a ( 3 0 ° N, 8 7 ° W) dur ing 
t h e p e r i o d from October 1962 through November 1 9 6 5 . Chemilumious 
c l o u d s were e j e c t e d from r o c k e t s . As t h e winds i n t h e atmosphere 
d i s t o r t e d t h e c l o u d , photographs from t h r e e s e p a r a t e t r a c k i n g s t a t i o n s 
on t h e ground were taken of t h e c loud as a sequence o f t i m e . The 
a t m o s p h e r i c winds were determined from the photographs by a method of 
t r i a n g u l a t i o n which i s d e s c r i b e d by J u s t u s , Edwards and F u l l e r [ 1 9 6 4 a , 
b ] . 
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These d a t a i n c l u d e s e v e r a l wind p r o f i l e s o b t a i n e d a t v a r i o u s 
t imes throughout t h e n i g h t by use of TMA t r a i l s . The wind d a t a were 
d i v i d e d i n t o dawn ( o r A . M . ) , dusk ( o r P . M . ) and midnight g r o u p s . The 
P . M . , midn ight and A . M . groups c o n t a i n e d 1 2 , 1 1 , and 15 r e l e a s e s , 
r e s p e c t i v e l y . A s e a s o n a l breakdown of t h e wind d a t a shows t h a t 82 
per cent were o b t a i n e d i n t h e f a l l ( l aunch d a t e s 23 September through 
14 December) , and 69 per cent of a l l wind d a t a came from t h e e a r l y and 
m i d - f a l l p e r i o d ( launch d a t e s 23 September through 18 November) . 
At each a l t i t u d e ( 1 km i n t e r v a l s ) t h e wind d a t a in each o f 
t h e s e groups were averaged by t h e method used by Hines [ 1 9 6 6 ] . Thus , 
f o r each a l t i t u d e and t ime group one can de termine a mean wind and 
i t s c o r r e s p o n d i n g " v a r i a n c e " and "probab le e r r o r . " The " v a r i a n c e " s 
i s d e f i n e d by 
1 / 2 
I 
n 
2 ^ 2 
S E + S N ( I H - 1 ) 
and t h e "probab le e r r o r " p i s g i v e n by 
0 . 6 7 4 5 s 
P = 
(n - 1 ) 1 / 2 
( I H - 2 ) 
Here n i s the number o f r e l e a s e s i n t h e group and s and s a r e r e s p e c -
Hi JN 
t i v e l y the eas tward and northward components of t h e i n d i v i d u a l wind 
d e v i a t i o n s from the mean. Other formulas f o r t h e p r o b a b l e e r r o r may 
a l s o be a p p l i c a b l e t o the d a t a c o n s i d e r e d h e r e . However, s ince, t h e 
r e s u l t s o f t h e p r e s e n t a n a l y s i s w i l l be compared m a i n l y w i t h t h e 
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r e s u l t s of Hines [ 1 9 6 6 ] , i t was d e s i r a b l e t o use the same formulas f o r 
the " v a r i a n c e " and "probable e r r o r " as he d i d . Formula I I I - 2 g i v e s the 
p r o b a b l e e r r o r o f t h e mean and s h o u l d be a c c e p t e d as on ly i n d i c a t i v e of 
the a c t u a l e r r o r . 
The method o f e x t r a c t i n g the assumed p r e v a i l i n g , d i u r n a l , and 
s e m i d i u r n a l components from t h e s e a v e r a g e winds i s i l l u s t r a t e d i n 
F i g u r e 7 . Here the o r i g i n ( t h e z e r o wind v e c t o r ) i s a t p o i n t 0 , and 
the o b s e r v e d average wind v e c t o r s a t dusk , m i d n i g h t , and dawn a r e 
r e p r e s e n t e d by the p o i n t s P, M, and A , r e s p e c t i v e l y . The o b s e r v e d 
a v e r a g e winds a r e presumed t o be made up o f a p r e v a i l i n g 0 1 , a 
d i u r n a l component which a t dusk , m i d n i g h t , and dawn i s g i v e n by t h e 
l i n e s IDp» A N < ^ - ^ A ' P ^ " u s a s e m l d i u r n a l component which a t dusk , 
m i d n i g h t , and dawn i s g i v e n by D pP» a n d ^ A ^ ' These components 
can be de termined by t h e f o l l o w i n g p r o c e d u r e : ( 1 ) C o n s t r u c t p o i n t C^ 
as t h e midpo in t of PA. ( 2 ) C o n s t r u c t l i n e C^R e q u a l i n l e n g t h t o 
C^P and r o t a t e d c l o c k w i s e 9 0 ° from t h e l i n e C^P. ( 3 ) C o n s t r u c t p o i n t 
as the m i d p o i n t o f RM. G e o m e t r i c a l a n a l y s i s o f F i g u r e 7 shows t h a t 
t h e d i u r n a l component a t dusk , m i d n i g h t , and dawn i s e q u a l t o C^P, C^R, 
and C j A , r e s p e c t i v e l y ; the s e m i d i u r n a l component a t dawn and dusk i s 
e q u a l t o C^R. and a t midnight i s e q u a l t o C^A; and p o i n t I may be found 
by p a r a l l e l d i s p l a c e m e n t of l i n e C^R t o the p o s i t i o n 1 C 2 « 
Assumpt ions o f t h e Method. C o n s i d e r a model f o r a t i d a l compo­
nent such t h a t the northward and eastward d i r e c t e d t i d a l wind components 
a r e g i v e n by 
V = A s i n (kz + (j) ) ( I I I - 3 ) 
n n 
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Figure 7. Method of Analysis 
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V = B s i n (kz + cj> ) ( I I I - 4 ) 
e e 
where z i s the a l t i t u d e , A and B a r e the a m p l i t u d e s , k i s the wave 
number (2Tr/wave l e n g t h ) and cj>n and cj)^  a r e t h e phase a n g l e s . The t i d a l 
2 2 1 / 2 
wind speed V = ( V R + V g ) as a f u n c t i o n o f a l t i t u d e i s shown in 
Appendix D t o be 
2 2 
2 A + B Z 
V = - c cos (2kz + cj) + cj) + 6 ) ( H I - 5 ) 
n e 
where t h e a n g l e 3 i s de termined by 
2 2 
A - B 
tan 3 = - T J 2 t a n * ( I I I - 6 ) 
B + A 
and the f a c t o r C i s g i v e n by 
C = AB ( I I I - 7 ) 
where cj) i s the phase d i f f e r e n c e ^ - <j>e# 
I f A , B , k , and cj) v a r y s l o w l y w i t h a l t i t u d e , then r e l a t i o n I I I - 5 
r e p r e s e n t s a s l o w l y v a r y i n g mean speed squared curve modulated by a 
c o s i n e f u n c t i o n w i th an ampl i tude C and a wave l e n g t h e q u a l t o o n e - h a l f 
t h e t i d a l component wave l e n g t h . The a m p l i t u d e C i s z e r o o n l y i f A = B 
and cj) - ± 9 0 ° . 
The t i d a l component wind speed as a f u n c t i o n of the t i d a l compo­
nent wind heading 0 ( t a n 0 = V e ^ V n ^ i s s n o w n i n Appendix E t o be 
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2
 u 2 
? a b 
V 2 = ( I I I - 8 ) 
2 2 2 2 
a s i n (0 - a) + b cos (e -
 a ) 
where a and b a r e g i v e n by 
2 I . 2 _ 2 . 1 / 2 
a A + B 1 , ,
 9 9 
y
 =
 + - (A* + B + 2 A B cos 2(f)) ( I I I - 9 ) 
, 2 2 
where the p o s i t i v e s i g n of t h e second term goes w i t h a and t h e n e g a t i v e 
2 
s i g n wi th b , The a n g l e a i s de termined by 
2AB cos 
tan 2a = =• ( 1 1 1 - 1 0 ) 
AZ - B Z 
I f A , B , k , and <f> v a r y s l o w l y w i t h a l t i t u d e , then r e l a t i o n I I I - 8 
r e p r e s e n t s an e l l i p s e wi th s e m i - a x e s a and b r o t a t e d by an a n g l e a 
from the n o r t h - s o u t h and e a s t - w e s t c o o r d i n a t e a x e s . A n g l e a i s z e r o 
o n l y f o r $ = ± 9 0 ° . R e l a t i o n I I I - 8 reduces t o a c i r c l e (a = b) o n l y 
when <j> = ± 9 0 ° , and A = B. 
The t ime v a r i a t i o n of a t i d a l component a t a g i v e n a l t i t u d e i s 
s i n u s o i d a l and i s r e p r e s e n t e d by e q u a t i o n s ana logous t o I I I - 3 and 
I I I - 4 . T h e r e f o r e , the t i d a l component wind s p e e d , a t a g i v e n h e i g h t , 
as a f u n c t i o n of t h e t ime v a r y i n g t i d a l component wind heading a t t h a t 
a l t i t u d e i s g i v e n by an e q u a t i o n c o r r e s p o n d i n g t o I I I - 8 , The g e o m e t r i ­
c a l method of t i d a l e x t r a c t i o n p r e s e n t e d above assumes c l o c k w i s e 
4 1 
c i r c u l a r r o t a t i o n of the d i u r n a l component wind v e c t o r wi th i n c r e a s i n g 
t i m e . The d i s c u s s i o n in Chapter I I concern ing F i g u r e 5 shows t h a t the 
c l o c k w i s e r o t a t i o n i s p r e d i c t e d by t i d a l t h e o r y w i t h phase p r o p a g a t i n g 
downward and t i d a l energy p r o p a g a t i n g upward. The assumpt ion of 
c i r c u l a r r o t a t i o n r e q u i r e s the as sumpt ions t h a t t h e m a g n i t u d e s , A and 
B, of t h e northward and eas tward d i u r n a l components are e q u a l and t h a t 
t h e i r phase d i f f e r e n c e <J> = <j>n - <J>e i s 9 0 ° . T h i s a s sumpt ion e s s e n t i a l l y 
makes the v a l u e o f C i n e q u a t i o n I I I - 7 z e r o . Note t h a t F i g u r e 4 i n 
Chapter I I shows t h a t the q u a n t i t i e s A and B a r e p r e d i c t e d t o be e q u a l 
by the l i n e a r i z e d t i d a l t h e o r y a t 3 0 ° l a t i t u d e . A l s o t h e phase 
d i f f e r e n c e cj) between t h e eas tward and northward component v e l o c i t i e s 
f o r a s i n g l e mode of o s c i l l a t i o n i s p r e d i c t e d t o be 9 0 ° . However f o r 
a c t u a l c a s e s , t h e s e c o n d i t i o n s p r o b a b l y w i l l not be met ; h e n c e , an 
i n d i c a t i o n of the p r o b a b l e e r r o r caused by t h e s e assumpt ions f o r t h e 
d a t a here shou ld be g i v e n . F i r s t , i t s h o u l d be n o t e d t h a t o n l y t h e 
dawn and dusk averaged winds a r e needed t o e v a l u a t e the d i u r n a l 
component a t dawn or dusk . T h e r e f o r e , t h e above assumpt ions do n o t 
a f f e c t the e v a l u a t i o n of the d i u r n a l component a t t h e s e two t i m e s . 
The a s s u m p t i o n s , however , w i l l a f f e c t t h e e v a l u a t i o n o f the d i u r n a l 
component a t m i d n i g h t , and h e n c e , t h e s e m i d i u r n a l t i d e and the p r e v a i l ­
ing wind a l s o . Now i f t h e c l o c k w i s e c i r c u l a r r o t a t i o n o f the d i u r n a l 
component i s assumed c o r r e c t , then a p r o b a b l e e r r o r from t h i s c i r c u l a r 
r o t a t i o n can be c a l c u l a t e d by use of e q u a t i o n I I I - 5 . T h i s p r o b a b l e 
e r r o r i s shown i n Appendix F t o be 
42 
C 
6 = TTJZ ( I I I - l l ) 
2 2 
2 ( A + B Z ) 
To c a l c u l a t e 6 , one needs t o know A , B and the phase d i f f e r e n c e , 
<j>. The v a l u e of <j> can be o b t a i n e d from T a b l e 2 t o be 1 2 0 ° . The v a l u e 
o f A and B can be found by l e a s t squares f i t t i n g a f u n c t i o n o f the form 
Y ( z ) = c o n s t a n t + D s i n (kz + 0) t o the components o f t h e d i u r n a l t i d e . 
Here z i s h e i g h t , 0 i s a phase t erm, D i s the a m p l i t u d e and k i s 2TT/X 
where A i s the v e r t i c a l wave l e n g t h as o b t a i n e d from T a b l e 1 . In t h i s 
manner, A and B were found t o be 17 and 19 m / s e c , r e s p e c t i v e l y . Then 
t h e p r o b a b l e e r r o r i n the d e t e r m i n a t i o n of t h e d i u r n a l t i d e a t midn ight 
due t o the assumpt ion of c i r c u l a r r o t a t i o n i s c a l c u l a t e d from e q u a t i o n s 
I I I - 7 and I I I - l l t o be 3 m / s e c . 
Note t h a t no assumpt ions about the phase d i f f e r e n c e or r o t a t i o n a l 
n a t u r e o f t h e s e m i d i u r n a l t i d e and p r e v a i l i n g wind have been made. So 
the p r o b a b l e e r r o r o f 3 m/sec i s a l s o the p r o b a b l e e r r o r i n the s e m i ­
d i u r n a l and p r e v a i l i n g wind due t o the as sumpt ion of c i r c u l a r r o t a t i o n 
o f t h e d i u r n a l component. 
D i f f e r e n t v a l u e s f o r the c a l c u l a t e d s e m i d i u r n a l component would 
a l s o r e s u l t from the assumpt ion of c o u n t e r c l o c k w i s e r o t a t i o n of the 
d i u r n a l component. However, the r e s u l t s p r e s e n t e d l a t e r i n t h i s 
c h a p t e r conf i rm t h a t t h e d i u r n a l component d o e s , i n f a c t , r o t a t e c l o c k ­
w i s e near the 100 km r e g i o n . Thus , o n l y computed s e m i d i u r n a l component 
v a l u e s r e s u l t i n g from the method which assumes c l o c k w i s e r o t a t i o n w i l l 
be p r e s e n t e d h e r e . 
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Another assumpt ion of t h e g e o m e t r i c a l method p r e s e n t e d h e r e i s 
t h a t the a p p r o p r i a t e mean t imes f o r the P . M . , m i d n i g h t , and A . M . groups 
a r e 1 8 : 0 0 , 0 0 : 0 0 , and 0 6 : 0 0 , r e s p e c t i v e l y . The mean launch t imes (CST) 
a c t u a l l y o b t a i n e d f o r t h e P . M . , m i d n i g h t , and A . M . groups were 1 8 : 1 6 , 
2 3 : 5 5 and 5 : 1 0 . To c a l c u l a t e t h e e r r o r s due t o t h e s e t ime d i f f e r e n c e s , 
c o n s i d e r F i g u r e 8 , I f the assumpt ion o f c i r c u l a r c l o c k w i s e r o t a t i o n 
of the d i u r n a l wind v e c t o r i s made, then from F i g u r e 8 the magnitude 
of the d i u r n a l component a t dawn or dusk can be r e p r e s e n t e d as A . How­
e v e r , i f the t ime d i f f e r e n c e between dusk and dawn t ime groups i s no t 
e x a c t l y 720 m i n u t e s , then one w i l l not measure a v a l u e A f o r the 
d i u r n a l magnitude but w i l l measure a v a l u e o f x as shown. The e r r o r 
i n t h e measurement w i l l j u s t be A - x . Then by g e o m e t r y , the e r r o r i n 
the c a l c u l a t i o n o f the d i u r n a l t i d e a t dawn or dusk due t o the s e p a r a ­
t i o n t ime b e i n g 654 minutes i s about 0 . 3 m / s e c A l s o , i f a t ime e r r o r 
i s c o n s i d e r e d o n l y , t h i s q u a n t i t y w i l l a l s o be t h e e r r o r i n the m a g n i ­
tude o f the d i u r n a l component a t m i d n i g h t . 
A c a l c u l a t i o n s i m i l a r to the above can be done f o r the e r r o r i n 
t h e s e m i d i u r n a l magnitude due t o the f a c t t h a t t h e t ime s e p a r a t i o n of 
the midn ight group from e i t h e r of t h e o t h e r groups was o n l y 327 
minute s i n s t e a d o f 360 m i n u t e s . Thi s e r r o r was found t o be about 0 . 2 
m / s e c . T h e r e f o r e , the t o t a l e r r o r i n the s e m i d i u r n a l magnitude due t o 
the assumed t ime d i f f e r e n c e s would be the sum of t h e above two v a l u e s , 
t h a t i s , 0 . 5 m / s e c . Th i s would a l s o be the e r r o r i n the p r e v a i l i n g 
wind magnitude due t o the assumed t ime d i f f e r e n c e s . 
Some c a u t i o n must be used i n comparing t h e t h e o r e t i c a l p r e d i c t i o n s 
and the e x p e r i m e n t a l c a l c u l a t i o n s because o f the c o o r d i n a t e sys tems 
F i g u r e 8 . T i m e C i r c l e F o r D i u r n a l T i d e 
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t h a t were u s e d . The c o o r d i n a t e system used f o r t h e t h e o r e t i c a l c a l c u l a ­
t i o n s had p o s i t i v e d i r e c t i o n s as e a s t w a r d , southward, and v e r t i c a l l y 
upward. However, i t has become c o n v e n t i o n a l i n r e c e n t t imes to d i s p l a y 
t h e e x p e r i m e n t a l d a t a i n a c o o r d i n a t e sys tem which i s p o s i t i v e in t h e 
nor thward , e a s t w a r d , and v e r t i c a l l y upward d i r e c t i o n s . The l a t t e r 
c o o r d i n a t e sys tem has been r o t a t e d 9 0 ° in a c o u n t e r c l o c k w i s e d i r e c t i o n 
about the v e r t i c a l a x i s as compared w i t h the former c o o r d i n a t e s y s t e m . 
No d i f f i c u l t y w i l l a r i s e i n a p p l y i n g t h e t h e o r e t i c a l p r e d i c t i o n s t o 
the e x p e r i m e n t a l d a t a i f one w i l l remember t h a t the t h e o r e t i c a l 
p r e d i c t i o n s d e r i v e d f o r the eas tward and southward wind components a r e 
t o be a p p l i e d t o t h e northward and eastward wind components , r e s p e c t i v e l y , 
o f t h e e x p e r i m e n t a l d a t a . 
One o t h e r s o u r c e of e r r o r i s the spread of t h e wind v a l u e s 
b e f o r e a v e r a g i n g . T h i s e r r o r i s g i v e n by e q u a t i o n I I I - 2 . The mean 
p r o b a b l e e r r o r s c a l c u l a t e d from t h i s e q u a t i o n were 1 6 , 1 7 , and 12 m/sec 
f o r the d u s k , midnight and dawn g r o u p s , r e s p e c t i v e l y . The o v e r a l l 
average p r o b a b l e e r r o r was 15 m / s e c . The t o t a l p r o b a b l e e r r o r s i n t h e 
magni tudes of t h e t i d a l and p r e v a i l i n g winds a r e j u s t t h e sum of t h e s e 
i n d i v i d u a l e r r o r s . The p r o b a b l e e r r o r i n t h e d i u r n a l component a t dusk 
or dawn i s about 15 m / s e c . The p r o b a b l e e r r o r i n t h e d i u r n a l component 
a t m i d n i g h t , t h e s e m i d i u r n a l component and t h e p r e v a i l i n g wind i s about 
19 m / s e c . The mean v a l u e s , c a l c u l a t e d from t h e g e o m e t r i c a l procedure 
d e s c r i b e d a b o v e , o f t h e d i u r n a l t i d e , t h e s e m i d i u r n a l t i d e and t h e 
p r e v a i l i n g wind were found t o be 2 5 , 1 5 , and 23 m / s e c . T h e r e f o r e , i t 
i s seen t h a t the p r o b a b l e e r r o r s are n e a r l y as l a r g e as t h e mean v a l u e s 
of t h e w i n d s ; however , some i n f o r m a t i o n shou ld be a b l e t o be g a t h e r e d 
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about the d i u r n a l t i d e and the p r e v a i l i n g w i n d s . 
R e s u l t s of A n a l y s i s 
Averaged W i n d s . The wind da ta i n the P . M . , m i d n i g h t , and A . M . 
groups were averaged a t one km i n t e r v a l s over the h e i g h t range 90 to 
120 km. The r e s u l t a n t averaged wind components a r e shown i n F igure 9 . 
C o r r e l a t i o n a n a l y s i s o f the averaged wind p r o f i l e s showed t h a t the 
predominant wave l e n g t h i s 23 ± 3 km f o r a l l t h r e e t ime g r o u p s . Cross 
c o r r e l a t i o n of t h e northward and eastward components showed t h a t t h e i r 
phase d i f f e r e n c e (cj> - <J> ) i s 1 4 7 ° , 8 7 ° and 8 4 ° f o r the P „ M . , m i d n i g h t , 
and A . M B g r o u p s , r e s p e c t i v e l y . Thus , the a v e r a g e phase d i f f e r e n c e f o r 
t h e t h r e e t ime groups i s 1 0 6 ° ± 3 5 ° . An e x p l a n a t i o n o f t h e c o r r e l a t i o n 
and c r o s s c o r r e l a t i o n a n a l y s i s i s g i v e n i n Appendix C. F i g u r e 9 shows 
a l s o t h a t the averaged wind p r o f i l e s moved downward an a v e r a g e o f 
5 ± 2 km dur ing the p e r i o d from dusk t o dawn. T h i s mot ion corresponds 
to a mean downward phase p r o g r e s s i o n o f 7 8 ° ± 2 5 ° from dusk t o dawn. 
Rosenberg and J u s t u s [ 1 9 6 6 ] have o b s e r v e d a downward phase 
p r o g r e s s i o n on two s e t s o f f o u r wind p r o f i l e s o b t a i n e d from c h e m i c a l 
r e l e a s e s launched throughout the n i g h t s of 3 December 1 9 6 2 and 1 7 - 1 8 
May 1 9 6 3 , However, the phase p r o g r e s s i o n f o r t h e s e p r o f i l e s was 
de termined t o be 3 1 0 ° ± 5 0 ° dur ing the 1 2 - h o u r p e r i o d from dusk t o 
dawn, and t h e mean phase d i f f e r e n c e between northward and eas tward 
components was 7 0 ° ± 3 0 ° » From the observed phase p r o g r e s s i o n i t was 
assumed t h a t the s e m i d i u r n a l t i d a l component predominated t h e wind 
p r o f i l e s dur ing t h e s e two n i g h t s , 
The s m a l l phase p r o g r e s s i o n determined from t h e averaged winds 
o f F i g u r e 9 would seem t o i n d i c a t e t h a t the s e m i d i u r n a l component 
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A v e r a g e d w i n d c o m p o n e n t s , m / s e c 
F i g u r e 9 . The Northward and Eastward Components o f the Averaged Winds 
Versus He ight a t Dusk, M i d n i g h t , and Dawn. The Dashed L ines 
Show the Downward Phase P r o g r e s s i o n of Wind P r o f i l e F e a t u r e s . 
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p l a y s o n l y a s m a l l p a r t i n t h e d e t e r m i n a t i o n o f t h e s e averaged winds 
and t h a t t h e d i u r n a l a n d / o r p r e v a i l i n g winds make a major c o n t r i b u t i o n 
t o the averaged w i n d s . T h i s c o n c l u s i o n i s borne out by t h e r e s u l t s 
o f t h e t i d a l component a n a l y s i s p r e s e n t e d i n t h e f o l l o w i n g s e c t i o n s . 
V a r i a n c e . The " v a r i a n c e " was c a l c u l a t e d f o r each a l t i t u d e and 
t ime group by r e l a t i o n I I I - l . F i g u r e 10 shows the computed v a r i a n c e 
f o r each t ime group as a f u n c t i o n o f a l t i t u d e . The " v a r i a n c e " w i l l be 
d i s c u s s e d more e x t e n s i v e l y i n a l a t e r s e c t i o n o f t h i s c h a p t e r . 
P r e v a i l i n g and T i d a l W i n d s . The g e o m e t r i c a l method used h e r e 
i s d e s i g n e d t o y i e l d the p r e v a i l i n g wind and t h e d i u r n a l and s e m i ­
d i u r n a l t i d a l w i n d s . Accord ing t o the p r e d i c t i o n s o f t h e t i d a l t h e o r y 
i n Chapter I I , the computed t i d a l winds shou ld r o t a t e c l o c k w i s e wi th 
i n c r e a s i n g a l t i t u d e and have v e r t i c a l wave l eng ths g i v e n by e q u a t i o n 
1 1 - 1 9 . 
The g e o m e t r i c a l a n a l y s i s has been a p p l i e d a t one km h e i g h t 
i n t e r v a l s between 90 and 1 2 0 km. F i g u r e 11 shows the computed v a l u e s 
f o r the p r e v a i l i n g w i n d s , t h e d i u r n a l t i d e i n i t s dawn p h a s e , and 
the s e m i d i u r n a l t i d e i n i t s dawn or dusk p h a s e . T h i s f i g u r e shows 
t h a t t h e computed p r e v a i l i n g and d i u r n a l components e x h i b i t a s i g n i f i ­
cant s y s t e m a t i c v a r i a t i o n over much of t h e a l t i t u d e r e g i o n under 
c o n s i d e r a t i o n . There i s no s i g n i f i c a n c e t o the v a r i a t i o n of t h e computed 
s e m i d i u r n a l t i d e because i t s e r r o r i s t o o l a r g e i n comparison t o the 
p o s s i b l e ampl i tude f o r t h i s component. F i g u r e 12 shows the d i u r n a l 
component a t dawn as computed by Hines [ 1 9 6 6 ] , F i g u r e 1 1 shows t h a t 
the computed d i u r n a l t i d e does r o t a t e c l o c k w i s e w i t h a l t i t u d e over 
most o f t h e a l t i t u d e range under i n v e s t i g a t i o n . 
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V a r i a n c e , m / s e c 
Figure 1 0 . The V a r i a n c e o f the Averaged Winds a t Dusk ( S o l i d D o t ) , 
Midnight ( S q u a r e ) , and Dawn (Open C i r c l e ) . 
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P r e v a i l i n g 
S e m i d i u r n a l a t 
D i u r n a l a t d a w n d a w n a n d d u s k . 
F i g u r e 1 1 . The Computed P r e v a i l i n g Wind , D i u r n a l T i d e a t Dawn, and 
S e m i d i u r n a l T ide a t Dawn or Dusk. The Magnitude and 
D i r e c t i o n of the Wind V e c t o r s are Represented by L i n e s 
Draxm from the C r o s s e s i n Each F igure t o the I n d i v i d u a l 
D o t s . 
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H i n e s ' s d i u r n a l c o m p o n e n t a t dawn 
F i g u r e 1 2 . The D i u r n a l T ide a t Dawn, as Computed by Hines [ 1 9 6 6 J . 
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For c a l c u l a t i o n s of the wave l e n g t h , t h e winds can be p l o t t e d 
i n more c o n v e n i e n t form than t h a t used i n F i g u r e 1 1 . F i g u r e 13 shows 
t h e wind heading v e r s u s h e i g h t f o r the computed p r e v a i l i n g and d i u r n a l 
t i d e , and F i g u r e 14 shows the computed northward and eastward components 
of t h e w i n d s . Note t h a t i n F i g u r e s 13 and 14 the d i u r n a l t i d e i s 
r e p r e s e n t e d i n i t s dusk phase r a t h e r than t h e dawn phase shown i n 
F i g u r e 1 1 . The r e s u l t r e p r e s e n t e d by e q u a t i o n I I I - 5 shows t h a t t h e 
wave l e n g t h may a l s o be e s t i m a t e d from a graph o f t h e wind speed 
squared v e r s u s a l t i t u d e . F igure 15 g i v e s such a graph f o r t h e c a l c u ­
l a t e d p r e v a i l i n g and t i d a l w i n d s . A d i s c u s s i o n of t h e r e s u l t s 
p r e s e n t e d i n F i g u r e s 11 through 15 w i l l be g i v e n i n the f o l l o w i n g 
s e c t i o n . 
D i s c u s s i o n of R e s u l t s 
P r e v a i l i n g Wind. The o b s e r v e d v a l u e s of t h e deduced p r e v a i l i n g 
wind c o u l d perhaps be e x p l a i n e d by the assumpt ion t h a t t h i s wind i s 
i n g e o s t r o p h i c b a l a n c e . T h i s assumpt ion would l e a d t o assumed p r e s s u r e 
and t empera ture g r a d i e n t s d i r e c t e d i n a s i m i l a r f a s h i o n t o t h o s e 
d i s c u s s e d by Hines [ 1 9 6 6 ] , However, the appearance o f the graphs o f 
the deduced p r e v a i l i n g w i n d , e s p e c i a l l y as shown i n F i g u r e 1 4 , i n d i ­
c a t e s t h a t t h e s e o b s e r v a t i o n s can most e a s i l y be e x p l a i n e d i n terms 
of some wave phenomenon. U n f o r t u n a t e l y , s i n c e t h e e x a c t s o u r c e of t h e 
assumed wave mot ion i s not known, no comparison between computed and 
t h e o r e t i c a l wave l e n g t h can be made f o r t h e p r e v a i l i n g w i n d . Further 
s t u d y o f t h e p o s s i b l e o s c i l l a t i o n s h o u l d be made b e f o r e any e x p l a n a t i o n 
i s a t t e m p t e d . R e c e n t l y , a s i m i l a r o s c i l l a t i o n w i t h a v e r t i c a l wave 
l e n g t h o f about 26 t o 28 km has been observed i n the p r e v a i l i n g 
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component of meteor winds [Roper , p r i v a t e communicat ion]„ 
The wave l e n g t h of the assumed wave phenomenon r e s p o n s i b l e f o r 
the computed p r e v a i l i n g wind can be e s t i m a t e d by a s u b j e c t i v e a n a l y s i s 
of the component p l o t of F igure 14 and t h e speed squared graph of 
F i g u r e 15 (by the use of e q u a t i o n I I I - 5 ) 0 Th i s wave l e n g t h can be 
de termined more o b j e c t i v e l y from the o b s e r v e d change o f p r e v a i l i n g 
wind heading w i t h a l t i t u d e shown in F igure 13 and from a c o r r e l a t i o n 
a n a l y s i s o f the components p l o t t e d i n F igure 1 4 . T a b l e 1 g i v e s t h e 
wave l e n g t h v a l u e s computed by t h e s e four methods . The average 
p r e v a i l i n g wind wave l e n g t h i s s een t o be 27 km ± 5 km rms . I t w i l l 
be seen l a t e r t h a t t h i s wave l e n g t h i s not s i g n i f i c a n t l y d i f f e r e n t from 
the v e r t i c a l wave l e n g t h o b t a i n e d f o r the dominant p r o p a g a t i n g d i u r n a l 
mode. Due t o the e r r o r s brought about by the former a s s u m p t i o n s , one 
may s u g g e s t t h a t t h i s o s c i l l a t o r y mot ion of the p r e v a i l i n g wind i s 
a c t u a l l y not r e a l but i s j u s t p a r t of the d i u r n a l wind t h a t has been 
e x t r a c t e d as t h e p r e v a i l i n g wind . An a n a l y s i s o f t h i s h y p o t h e s i s w i l l 
be made l a t e r in the s e c t i o n on the d i u r n a l mode. 
F i g u r e 15 shows t h a t the magnitude o f the p r e v a i l i n g wind 
d e c r e a s e s w i t h a l t i t u d e . T h i s d e c r e a s e may be the r e s u l t of v i s c o u s 
damping of the wave phenomenon r e s p o n s i b l e f o r the observed p r e v a i l i n g 
wind s . 
The phase d i f f e r e n c e between the northward and eastward p r e v a i l ­
ing components can b e de termined from a s u b j e c t i v e a n a l y s i s of F i g u r e 14 
and, more o b j e c t i v e l y , by c r o s s c o r r e l a t i o n of the computed v a l u e s of 
t h e s e components . The phase d i f f e r e n c e can a l s o be e s t i m a t e d from t h e 
magnitude of t h e o s c i l l a t i o n s in the speed squared graph o f F i g u r e 15 
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F i g u r e 1 3 . Heading V e r s u s A l t i t u d e f o r the Computed P r e v a i l i n g and 
D i u r n a l W i n d s . The S t r a i g h t L i n e s a r e L e a s t - s q u a r e s 
F i t of Data Over I n d i c a t e d A l t i t u d e s . 
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T i d a l w i n d c o m p o n e n t s , m / s e c 
F i g u r e 1 4 . Northward and Eastward Components o f the C a l c u l a t e d P r e v a i l ­
ing Wind and D i u r n a l T ide a t Dusk. The Curves Represent 
S u b j e c t i v e F i t s of A p p r o x i m a t e l y S i n u s o i d a l F u n c t i o n s t o 
the Wind Component D a t a . 
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F igure 1 5 . The Wind Speed Squared as Computed f o r the P r e v a i l i n g , 
D i u r n a l and S e m i d i u r n a l T i d a l W i n d s . 
T a b l e 1 . Wave Lengths o f the P r e v a i l i n g and D i u r n a l 
Winds i n t h e 90 t o 120 km R e g i o n . 
Wave Length P r e v a i l i n g D i u r n a l 
Determined Wave L e n g t h , Wave L e n g t h , 
From km km 
Heading 32 19 
Components 27 18 
C o r r e l a t i o n 30 19 
Speed Squared 20 18 
Average 27 19 
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by the use of equations I I 1 - 5 and I I I - 7 . Table 2 gives values of the 
prevail ing component phase difference as computed by these three methods. 
The average phase difference i s seen to be 123° ±8° rms. Figure 13 
shows that the prevail ing wind has a clockwise rotat ion with a l t i tude 
between 90 and 115 km. 
Diurnal Tide. The computed diurnal t ide provides the l eas t 
ambiguous resul ts of the analysis because the calculated magnitude i s 
large enough to be s ign i f i cant with respect to the computed probable 
errors and the deduced wave length may be compared with both t i d a l 
theory and the value previously determined by Hines [ 1 9 6 6 ] . The com­
puted diurnal wave length can be determined by the same methods 
discussed in the previous sect ion . Table 1 gives the calculated 
diurnal wave length. The average value i s 19 ± 1 km rms. This value 
i s in agreement with Hines 1 value of 20 ± 3 km and the theoret ica l 
value for the ( 1 , 3 ) t i d a l mode in the 90 to 120 km regions, as shown 
in Figure 2 , 
Hines has mentioned that meteor measurements of the diurnal t ide 
do not show a change of phase with height in the 80 to 105 km a l t i tude 
range. This was true only for early meteor work which had poor height 
reso lut ion . More recent meteor resu l t s do show a phase progression for 
the diurnal t ide in the 80 to 105 km region which is comparable to that 
shown in Figure 12 [Roper, private communication]. Figure 13 shows an 
almost l inear increase of the diurnal wind heading between 90 and 107 km. 
At a l t i tude 107 km, a sharp phase sh i f t i s observed and 
afterwards the phase remains almost constant. Figure 12 shows that the 
diurnal t ide data of Hines a lso exhibits a near constant phase in the 
T a b l e 2 . Phase D i f f e r e n c e d> = cb - d> Between 
n e 
the Northward and Eastward Components of t h e P r e ­
v a i l i n g and D i u r n a l Winds in the 90 t o 120 km R e g i o n . 
Phase D i f f e r e n c e P r e v a i l i n g D i u r n a l 
Determined Phase D i f f e r e n c e , Phase D i f f e r e n c e , 
From d e g r e e s d e g r e e s 
Components 126 123 
C r o s s - c o r r e l a t i o n 112 110 
Speed Squared 131 126 
Average 123 120 
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115 t o 130 km r e g i o n . These c o n s t a n t phases might be e x p l a i n e d , as 
Hines p o i n t e d o u t , by a s e v e r e damping of the d i u r n a l t i d a l energy a t 
t h e s e a l t i t u d e s . 
F i g u r e 15 shows tha t t h e magni tude of t h e d i u r n a l t i d e 
i n c r e a s e s o n l y s l i g h t l y i n the 90 to 120 km r e g i o n . The t h e o r y o f 
a t m o s p h e r i c t i d e s r e q u i r e s t h a t i f the k i n e t i c energy of the wind 
mot ion remains c o n s t a n t w i th h e i g h t , then t h e r a t e o f i n c r e a s e of 
2 
t i d a l wind speed w i t h h e i g h t shou ld be governed by t h e r e l a t i o n pu = 
c o n s t a n t , where u i s the wind speed and p i s t h e a t m o s p h e r i c d e n s i t y . 
As t h e h e i g h t i n c r e a s e s from 90 t o 120 km, p f a l l s by a f a c t o r o f 
140 [U. S . Standard Atmosphere , 1 9 6 2 ] . However, the i n c r e a s e o f t h e 
speed squared over the same h e i g h t i n t e r v a l i s o n l y about t w o f o l d . 
T h i s s l o w i n c r e a s e of the d i u r n a l speed magni tude may be a t t r i b u t e d 
t o v i s c o u s damping of the t i d a l energy and s u p p o r t s t h e s i g n i f i c a n c e 
of t h e o b s e r v e d c o n s t a n t d i u r n a l phase above about 110 km. 
As ment ioned b e f o r e , the computed d i u r n a l v e r t i c a l wave 
l e n g t h i s n o t s i g n i f i c a n t l y d i f f e r e n t from the computed v e r t i c a l wave 
l e n g t h of t h e p r e v a i l i n g wind. T h u s , t h e p o s s i b i l i t y s h o u l d b e 
examined t h a t the o s c i l l a t i o n s i n t h e p r e v a i l i n g wind a r e n o t r e a l and 
have been t r a n s f e r r e d from t h e d i u r n a l t i d e by means o f the e r r o r s 
i n v o l v e d . The l a r g e s t e r r o r i n t h e d a t a i s caused by the a c t u a l 
a v e r a g i n g of i n d i v i d u a l wind p r o f i l e s i n t o t h e d i f f e r e n t t ime g r o u p s . 
However, i t i s v e r y d o u b t f u l t h a t t h i s e r r o r w i l l c o n t r i b u t e v e r y 
much t o the o s c i l l a t o r y mot ion of t h e p r e v a i l i n g wind b e c a u s e the 
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p r o c e s s of a v e r a g i n g t h e wind p r o f i l e s would tend to average out the 
o s c i l l a t o r y e r r o r s . Then the e r r o r s caused by t h e as sumpt ions o f t h e 
a n a l y s i s ( t i m e d i f f e r e n c e , c i r c u l a r and c l o c k w i s e mot ion of t h e d i u r n a l 
components , e t c . ) shou ld be the most p r o b a b l e cause o f the p o s s i b l e 
t r a n s f e r of o s c i l l a t o r y m o t i o n . However, the sum of a l l t h e s e e r r o r s 
amounts t o o n l y about 4 m / s e c . In compar i son , t h e ampl i tude o f the 
p r e v a i l i n g wind o s c i l l a t i o n i s about 19 m / s e c . T h e r e f o r e , t h e 
o b s e r v e d o s c i l l a t i o n i n t h e p r e v a i l i n g wind appears to be v a l i d . 
The phase d i f f e r e n c e between the northward and eastward d i u r n a l 
components may be measured by the same methods d i s c u s s e d i n t h e 
p r e v i o u s s e c t i o n . T a b l e 2 shows t h e measured v a l u e s of t h i s phase 
d i f f e r e n c e . The average v a l u e i s 1 2 0 ° ± 7 ° rms. T h i s shows t h a t the 
o b s e r v e d phase d i f f e r e n c e i s a p p a r e n t l y s i g n i f i c a n t l y d i f f e r e n t from 
the v a l u e of 9 0 ° p r e d i c t e d f o r a s i n g l e mode of o s c i l l a t i o n by t i d a l 
t h e o r y . Th i s r e s u l t i n d i c a t e s t h a t the d i u r n a l wind may be composed 
o f a s u p e r p o s i t i o n of two or more modes of o s c i l l a t i o n s . However, 
t h i s c o n c l u s i o n cannot be f i n a l b e c a u s e the e f f e c t s o f v i s c o u s damping 
and the n o n l i n e a r v e l o c i t y t e r m s , which were n e g l e c t e d i n t h e l i n e a r i z e d 
t i d a l t h e o r y , may tend t o i n c r e a s e t h e phase d i f f e r e n c e a l s o . 
F i g u r e s 11 and 12 p r o v i d e a comparison between the d i u r n a l 
t i d a l measurements of Hines [ 1 9 6 6 ] and t h o s e p r e s e n t e d h e r e . These 
d a t a have a number of s i m i l a r i t i e s i n a d d i t i o n t o the comparable wave 
l e n g t h s a l r e a d y d i s c u s s e d . Both f i g u r e s show t h a t t h e d i u r n a l wind 
p a t t e r n i s a p p r o x i m a t e l y e l l i p t i c a l over much of the 90 t o 120 km 
a l t i t u d e r e g i o n , w i t h the s e m i - m a j o r and semi-minor axes of t h e e l l i p s e 
be ing about 30 and 15 m/sec i n both c a s e s . The e l l i p t i c a l p a t t e r n of 
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bo th f i g u r e s appears t o be t i l t e d w i th r e s p e c t t o the c o o r d i n a t e axes 
( i n d i c a t i n g a component phase d i f f e r e n c e o f something o t h e r than 9 0 ° ) . 
However , t h e r e a re a l s o d i f f e r e n c e s between H i n e s ' d i u r n a l t i d e data and 
tha t p r e s e n t e d h e r e . H i n e s ' computed d i u r n a l wind head ings a re 
c o n s i s t e n t l y l a r g e r than t h o s e p r e s e n t e d h e r e , by about 4 5 ° , o v e r the 
90 t o 107 km r e g i o n . A l s o , t h e r e i s an abrupt change in phase a t 
a l t i t u d e 107 km i n F igu re 1 1 ; whereas the phase v a r i e s smooth ly 
th roughout the h e i g h t range 90 t o 120 km i n F igure 1 2 , Some o f t h e s e 
d i f f e r e n c e s may be due t o the d i f f e r e n t l a t i t u d e s i n v o l v e d a n d / o r a 
d i f f e r e n t s e a s o n a l b i a s i n the average winds used t o compute the t i d e s . 
I t shou ld a l s o be no t ed tha t i f the p r o b a b l e e r r o r c i r c l e s were 
i n c l u d e d i n F igu re s 11 and 1 2 , i t would be p o s s i b l e t o f i t q u i t e 
d i f f e r e n t e l l i p s e s ( o r even c i r c l e s ) t o the da ta i n t h e s e f i g u r e s . 
Semid iu rna l T i d e . U n f o r t u n a t e l y , the computed magni tude o f the 
s e m i d i u r n a l component i s a p p r o x i m a t e l y equa l t o the " p r o b a b l e e r r o r , " 
T h e r e f o r e , v a l u e s o f the s e m i d i u r n a l v e r t i c a l wave l e n g t h and phase 
d i f f e r e n c e a re inca lculable . The only s a f e d e d u c t i o n tha t can be 
drawn from p r e s e n t a n a l y s i s about the s e m i d i u r n a l component i s tha t the 
magni tude i s sma l l compared t o d i u r n a l and p r e v a i l i n g wind ( l e s s than 
18 m / s e c ) i n t h i s a l t i t u d e r ange . I t must a l s o be kep t i n mind that 
the da ta used i n t h i s a n a l y s i s a re h e a v i l y b i a s e d toward the fallo 
Hence , the smal l computed magnitude o f the s e m i d i u r n a l component may 
o n l y i n d i c a t e tha t i t i s sma l l dur ing t h i s s e a s o n . This r e s u l t a g r e e s 
w e l l w i th the s u g g e s t e d s e a s o n a l v a r i a t i o n o f the d i u r n a l and s e m i ­
d i u r n a l wind by Roper [1966] (maximum d i u r n a l t i d e i n F a l l and Spr ing 
and minimum d i u r n a l t i d e i n Winte r and Summer, the r e v e r s e f o r the 
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s e m i d i u r n a l t i d e ) . 
I f , by c h a n c e , the p r o b a b l e e r r o r s were e s t i m a t e d t o o l a r g e and 
one a t t e m p t e d a d e t e r m i n a t i o n of t h e v e r t i c a l wave l e n g t h from t h e 
p r e s e n t d a t a , then from F i g u r e 15 i t can be seen t h a t t h e wave l e n g t h 
would be e s t i m a t e d t o be about 60 km. T h i s v a l u e l i e s between the 
e x p e c t e d wave l e n g t h s of t h e ( 2 , 2 ) and ( 2 , 4 ) modes. 
Summary of G e o m e t r i c a l A n a l y s i s 
T a b l e 3 shows a summary of the e x p e r i m e n t a l r e s u l t s of the 
g e o m e t r i c a l a n a l y s i s and t h e i r comparisons w i t h the t h e o r e t i c a l p r e ­
d i c t i o n s of Chapter I I . I t i s seen t h a t the s e n s e of r o t a t i o n of the 
wind v e c t o r and the v e r t i c a l wave lengths a g r e e v e r y w e l l w i t h t h e o r y . 
The phase d i f f e r e n c e of d i u r n a l component v e l o c i t i e s i s o b s e r v e d t o be 
s i g n i f i c a n t l y l a r g e r e x p e r i m e n t a l l y than t h a t p r e d i c t e d f o r a s i n g l e 
mode of o s c i l l a t i o n by t h e o r y . A l s o , the v e l o c i t y a m p l i t u d e of the 
d i u r n a l and s e m i d i u r n a l o s c i l l a t i o n i s o b s e r v e d t o be v e r y much l e s s 
than the v a l u e p r e d i c t e d by t h e o r y . However t h e s e d i s c r e p a n c i e s may be 
a t t r i b u t e d t o the e f f e c t s of v i s c o u s damping and t h e n o n l i n e a r 
v e l o c i t y t e r m s . Both p r o c e s s e s , which were n e g l e c t e d , would tend t o 
reduce t h e energy c o n t e n t of t h e a tmospher i c o s c i l l a t i o n s and hence 
would d e c r e a s e the v e l o c i t y a m p l i t u d e s . 
Groves A n a l y s i s 
One of the main d i f f i c u l t i e s w i th the g e o m e t r i c a l method of 
a n a l y s i s i s t h a t i t a v e r a g e s the wind data i n t o t ime groups and then 
uses a mean t ime f o r a l l the wind d a t a . I t would be much b e t t e r t o use 
the a c t u a l t ime o f each wind datum i f p o s s i b l e . A l s o another problem 
T a b l e 3 . Summary of t h e G e o m e t r i c a l A n a l y s i s 
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O s c i l l a t i o n 
Sense of 
R o t a t i o n Wave length 
Phase 
D i f f e r e n c e 
V e l o c i t y 
Ampl i tude 
P r e v a i l i n g 
a) E x p e r i m e n t a l C l o c k w i s e 27 ± 5 km 1 2 3 ° ± S( 23 m / s e c 
D i u r n a l 
a) T h e o r e t i c a l C lockwise 20 km - 9 0 ° 1 0 0 m / s e c 
b) E x p e r i m e n t a l C lockwise 19 ± 1 km 1 2 0 ° ± 7° 19 m / s e c 
S e m i d i u r n a l 
a) T h e o r e t i c a l C l o c k w i s e 40 km 
[ ( 2 , 4 ) Mode] 
or 100 km 
[ ( 2 , 2 ) Mode] 
a t 110 km 
a l t i t u d e 
- 90 ' 1 0 0 m / s e c 
b) E x p e r i m e n t a l C lockwise - 60 km 15 m / s e c 
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i s the s m a l l amount of d a t a a v a i l a b l e . 
£* X" G r o v e s [ 1 9 5 9 ] has deve loped a method of a n a l y s i s which 
seems t o have a l l e v i a t e d bo th of t h e s e p r o b l e m s . His method i s 
d e s c r i b e d b r i e f l y in Appendix B. I t i s a g e n e r a l i z a t i o n of the l e a s t -
squares procedure and r e f e r s the a c t u a l t imes o f t h e wind d a t a to a 
t ime p e r i o d e q u a l t o the p e r i o d of i n v e s t i g a t i o n . 
The Groves a n a l y s i s has been s u c c e s s f u l l y a p p l i e d t o meteor 
wind d a t a o b t a i n e d a t A d e l a i d e , A u s t r a l i a by Roper and E l f o r d [ 1 9 6 5 ] , 
Roper and E l f o r d c o l l e c t e d data f o r each month i n 1 9 6 1 and a p p l i e d 
the Groves a n a l y s i s t o each month's d a t a . No one has y e t p u b l i s h e d 
a F o u r i e r a n a l y s i s o f wind d a t a o b t a i n e d from the c h e m i c a l r e l e a s e s 
from r o c k e t s u s i n g t h e Groves a n a l y s i s . For t h i s purpose a v a r i a t i o n 
of the Groves a n a l y s i s was adapted t o a n a l y z e the c h e m i c a l r e l e a s e 
wind d a t a and was a p p l i e d t o e s s e n t i a l l y the same wind data t h a t was 
used f o r t h e g e o m e t r i c a l method o f a n a l y s i s . 
Energy Spectrum 
In a d d i t i o n t o c a l c u l a t i n g the v e l o c i t y a m p l i t u d e s and phases of 
t h e 24 hour h a r m o n i c s , the Groves a n a l y s i s a l s o p e r m i t s the c a l c u l a t i o n 
of an energy spectrum f u n c t i o n over a l a r g e range of p e r i o d s . V e l o c i ­
t i e s f o r each hour of the day and v e l o c i t y ampl i tudes f o r winds wi th 
p e r i o d i c i t i e s of 6 t o 46 hours were c a l c u l a t e d . These q u a n t i t i e s were 
c a l c u l a t e d f o r a h e i g h t range from 90 to 140 km. Computed a m p l i t u d e s 
w i t h c a l c u l a t e d e r r o r s o f more than about 10 m/sec were c o n s i d e r e d 
u n r e l i a b l e . Thus u s a b l e da ta were o b t a i n e d o n l y f o r the h e i g h t range 
95 to 1 3 5 km. 
The d i s t r i b u t i o n of the wind energy w i t h the p e r i o d o f the wind 
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motion i s shown by plot t ing graphs of the sum of the squares of the 
amplitudes of the zonal and meridional ve loc i ty components of the 
periodic wind versus per iodic i ty for each a l t i t u d e . A sample graph for 
a l t i tudes 95 km and 115 km is shown in Figure 16 . The ordinate of this 
graph has units of ve loc i ty squared or energy per unit mass. The 
graphs for the other a l t i tudes appear in Appendix G, 
Table 4 shows the s igni f icant energy bearing periods obtained 
from these energy spectrum graphs. I t i s seen from this table that , as 
expected, the 24-hour t i d a l harmonics carry a large portion of the 
energy. However from this ana lys i s , there i s a lso a disturbingly 
large amount of energy carried by periods near 20 and 33 hours. Roper 
and Elford [1965] also observed a strong peak near the 20 hour period 
in their analysis of the month of September, 1961, They mentioned that 
this period was c lose to the value for the period of i n e r t i a l o s c i l l a ­
tions in the atmosphere at the la t i tude of Adelaide ( 3 5 ° S ) . However, 
the value for the period of i n e r t i a l o s c i l l a t i o n s at the la t i tude of 
Eglin AFB, Florida i s about 24 hours and thus these o s c i l l a t i o n s would 
be indist inguishable from the 24 hour t i d e . 
Possible explanations for the nonharmonic o s c i l l a t i o n s may be: 
(1) the o s c i l l a t i o n s are true atmospheric o s c i l l a t i o n s which are inde­
pendent of the 24 hour harmonic o s c i l l a t i o n s , (2) the o s c i l l a t i o n s are 
caused by e f f ec t s of the nonlinear ve loc i ty terms acting on the 24 hour 
harmonic o s c i l l a t i o n s , or (3) the o s c i l l a t i o n s are caused mathematically 
by a process known as a l i a s ing . 
As to the f i r s t p o s s i b i l i t y , atmospheric theory has not presented 
any reason to suspect any atmospheric motion other than the 24 hour 
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P e r i o d , h o u r s 
F i g u r e 1 6 . Energy Spectrum o f P e r i o d i c M o t i o n s a t 95 km 
(Lower) and 115 km ( U p p e r ) . 
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T a b l e 4 . S i g n i f i c a n t E n e r g y - b e a r i n g P e r i o d s . The 
S i g n i f i c a n t P e r i o d s Are Taken as Those Peaks i n the 
Energy Spectrum Graphs i n Which the Energy i s 
G r e a t e r Than the Average Energy P lus One and a H a l f 
Standard D e v i a t i o n s . The Columns D e s i g n a t e d as 
"Number" Shows the Number of H e i g h t L e v e l s f o r Which 
an Energy Peak a t t h e Corresponding P e r i o d was S i g n i f i ­
cant , 
P e r i o d ( h o u r s ) Number P e r i o d ( h o u r s ) Number 
8 2 24 4 
12 1 2 5 . 5 3 
13 1 2 7 . 5 1 
16 1 2 9 . 5 1 
1 6 . 5 1 33 6 
1 9 . 5 8 36 3 
2 0 . 5 4 40 2 
23 3 4 1 1 
2 3 . 5 2 
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hour harmonics u n l e s s t h e mot ion had v e r y l a r g e p e r i o d s ( p l a n e t a r y 
waves w i t h p e r i o d s of a few days and s e a s o n a l v a r i a t i o n s ) or v e r y 
s m a l l p e r i o d s ( t u r b u l e n c e and g r a v i t y w a v e s ) . One e x p e c t s t o f i n d the 
24 hour harmonic mot ions because of t h e a c t i o n of t h e s y s t e m a t i c 
thermal and g r a v i t a t i o n a l f o r c e s of t h e sun and moon on the a tmosphere . 
S o , the f i r s t p o s s i b i l i t y seems u n l i k e l y as an e x p l a n a t i o n of the 
nonharmonic m o t i o n s . 
E x p l a n a t i o n number two p r e s e n t s some i n t e r e s t i n g p o s s i b i l i t i e s 
but t h e mathemat ics of n o n l i n e a r sys tems prevent the f u l l unders tand ing 
of the e f f e c t s of the n o n l i n e a r t e r m s . S h i r e n [1965J p r e s e n t s a 
s i m p l i f i e d t h e o r y of t r a v e l i n g - w a v e u l t r a s o n i c n o n l i n e a r i n t e r a c t i o n s 
i n which he h y p o t h e s i z e d t h a t nonharmonic mot ion cou ld be o b t a i n e d by 
the e f f e c t s of n o n l i n e a r terms i f proper re sonance requ irement s were 
met . For an example , suppose i n our c a s e t h a t t h e r e was a v e r y s m a l l , 
but not z e r o , a tmospher ic o s c i l l a t i o n w i t h a p e r i o d of 48 h o u r s . Then 
under p r o p e r re sonance c o n d i t i o n s , the 24 hour p e r i o d and t h e 48 hour 
p e r i o d cou ld i n t e r a c t through t h e n o n l i n e a r v e l o c i t y terms t o form the 
16 hour p e r i o d i c o s c i l l a t i o n by the a d d i t i o n of the two f r e q u e n c i e s . 
The 16 hour mot ion happens t o be one of the p e r i o d i c mot ions g i v e n i n 
T a b l e 4 . The o t h e r nonharmonic mot ions i n T a b l e 4 c o u l d c o n c e i v a b l y 
be formed i n a s i m i l a r manner. A l t h o u g h e x p l a n a t i o n two i s an 
i n t e r e s t i n g p o s s i b i l i t y and has f a r - r e a c h i n g e f f e c t s i f i t were t r u e , 
f u r t h e r t h e o r e t i c a l s tudy must be made b e f o r e any c o n c l u s i v e r e s u l t s 
about i t can be drawn. 
I f t h e n o n l i n e a r v e l o c i t y terms were r e s p o n s i b l e f o r t h e n o n h a r ­
monic m o t i o n s , then by F i g u r e 30 i n Appendix A the nonharmonic mot ions 
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would be e x p e c t e d t o become a p p r e c i a b l e a t about 100 km a l t i t u d e and to 
i n c r e a s e i n importance above t h i s h e i g h t . F i g u r e 17 shows the speed 
squared curve v e r s u s h e i g h t f o r the 20 and 33 hour p e r i o d s . The 
mot ion f o r t h e s e two p e r i o d s appear s m a l l be low a h e i g h t of 105 t o 
110 km and then r a p i d l y i n c r e a s e s i n magnitude above t h i s a l t i t u d e . 
Data f o r the 16 and 36 hour p e r i o d s show s i m i l a r r e s u l t s and hence 
s u p p o r t s t h e p o s s i b i l i t y o f the i n f l u e n c e of the n o n l i n e a r t e r m s . 
E x p l a n a t i o n number t h r e e a l s o p r e s e n t s a v e r y l i k e l y p o s s i ­
b i l i t y . The p r o c e s s o f a l i a s i n g i s a m a t h e m a t i c a l e r r o r which i s 
brought about by t o o few d a t a p o i n t s . I f one i s t r y i n g t o F o u r i e r 
a n a l y z e t o o few d a t a p o i n t s , then ex traneous p e r i o d i c mot ions can be 
f i t t e d t o the d a t a which are c o r r e c t m a t h e m a t i c a l l y but a r e e n t i r e l y 
wrong p h y s i c a l l y . The amount of d a t a which were used i n t h e p r e s e n t 
a n a l y s i s (about 50 wind p r o f i l e s ) would seem t o be enough t o p r e v e n t 
the p r o c e s s of a l i a s i n g . However, a t r u e t e s t would be i f the 
r e s u l t s o f a n a l y s i s a r e changed s i g n i f i c a n t l y as more wind p r o f i l e s 
a r e added t o the a n a l y s i s . 
I t i s i n t e r e s t i n g t o n o t e t h a t p r a c t i c a l l y a l l of the n o n -
harmonic mot ion d i s p l a y e d i n T a b l e 4 can be accounted f o r by a d d i t i o n 
or s u b t r a c t i o n of t h e harmonic p e r i o d s . T h i s seems p e c u l i a r because 
one would expec t a d d i t i o n and s u b t r a c t i o n of f r e q u e n c i e s r a t h e r than 
the p e r i o d s . 
The remainder of t h e e x p l a n a t i o n of the r e s u l t s o f the Groves 
a n a l y s i s w i l l be concerned o n l y wi th t i d a l h a r m o n i c s . 
T i d a l Winds 
The v a r i a t i o n of the square of the v e l o c i t y ampl i tudes i s shown 
71 
S p e e d S q u a r e d , ( m / s e c ) 
F i g u r e 1 7 . The Speed Squared Versus He ight f o r t h e 33 
( S o l i d D o t s ) and 20 (Open C i r c l e s ) Hour 
P e r i o d s . The S t r a i g h t L i n e s a r e L e a s t 
Squares F i t of the Curves Over t h e Shown 
He ight Range. 
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i n F i g u r e s 1 8 , 19 and 20 f o r the 2 4 , 12 and 8 hour p e r i o d s r e s p e c t i v e l y . 
One must remember t h a t da ta p r e s e n t e d here were computed from wind data 
c o l l e c t e d over a p e r i o d of about t h r e e y e a r s and thus t h e s e r e s u l t s 
r e p r e s e n t some s o r t o f an average over t h i s t ime p e r i o d . Furthermore , 
the d a t a p r e s e n t e d here are h e a v i l y b i a s e d toward t h e e a r l y and m i d - f a l l 
p e r i o d w i t h 69% of a l l the wind d a t a coming from t imes between the d a t e s 
September 23 and November 1 8 . Thus the r e s u l t s p r e s e n t e d h e r e would be 
e x p e c t e d t o a g r e e r e l a t i v e l y w e l l w i th the September , October and 
November data o f Roper and E l f o r d [ 1 9 6 5 ] as i s shown. 
I t shou ld be no ted t h a t t h e Roper and E l f o r d d a t a show r a t h e r 
w e l l t h e s e a s o n a l v a r i a t i o n of t h e 24 hour and 12 hour p e r i o d s u g g e s t e d 
by Roper [ 1 9 6 6 ] ( i . e . maximum a m p l i t u d e s o f the 24 hour t i d e i n f a l l and 
s p r i n g , maximum ampl i tudes of the 12 hour t i d e i n summer and w i n t e r ) . 
The data p r e s e n t e d h e r e show t h a t the 24 hour p e r i o d i s s t r o n g e r than 
t h e 12 hour p e r i o d . S i n c e t h e d a t a a r e b i a s e d toward l a t e September 
and O c t o b e r , t h i s would seem t o uphold the s u g g e s t e d s e a s o n a l v a r i a t i o n 
of the two t i d a l components. 
F i g u r e s 18 and 19 show t h a t the v e l o c i t y squared v a l u e s s t a y 
r a t h e r c o n s t a n t w i t h a l t i t u d e from 100 km t o 135 km f o r t h e 24 hour and 
12 hour p e r i o d s . S i n c e t h e d e n s i t y i s d e c r e a s i n g r a p i d l y , t h i s shows 
t h a t energy i s be ing d i s s i p a t e d from t h e s e t i d a l components . However, 
F i g u r e 20 shows t h a t the v e l o c i t y squared v a l u e s f o r the 8 hour p e r i o d 
2 
have a d e f i n i t e i n c r e a s e . F i g u r e 21 shows a s e m i - l o g p l o t o f pV v e r s u s 
h e i g h t f o r t h e 2 4 , 12 and 8 hour p e r i o d s , where p i s the d e n s i t y 
o b t a i n e d from the U, S_. Standard Atmosphere Supplements , [ 1 9 6 6 ] t a b l e s 
f o r 3 0 ° N l a t i t u d e i n J u l y . Kochanski [ 1 9 6 4 ] s u g g e s t e d a v a r i a t i o n of 
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F igure 1 8 . The Square o f V e l o c i t y Ampl i tude V e r s u s He ight 
For the 24 Hour P e r i o d . Data For the Months of 
September , Oc tober and November o f 1 9 6 1 by 
Roper and E l f o r d [ 1 9 6 5 ] a r e Shown f o r Comparison . 
F i g u r e 1 9 . The Square of V e l o c i t y Ampl i tude Versus H e i g h t 
f o r the 12 Hour P e r i o d . Data f o r the Months 
o f September , O c t o b e r and November of 1 9 6 1 by 
Roper and E l f o r d [ 1 9 6 5 ] a r e Shown f o r Comparison . 
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1 3 0 
F i g u r e 2 0 . The Square o f V e l o c i t y Ampl i tude Versus H e i g h t 
f o r the 8 Hour P e r i o d . Data f o r the Months o f 
September , October and November o f 1 9 6 1 by 
Roger and E l f o r d [ 1 9 6 5 ] a r e Shown f o r Comparison. 
F i g u r e 2 1 . S e m i - l o g P l o t o f Energy V e r s u s H e i g h t f o r the 24 ( S o l i d D o t s ) , 12 
(Open C i r c l e s ) and 8 ( S q u a r e s ) Hour P e r i o d s . The Two S t r a i g h t L i n e s 
a r e S u b j e c t i v e F i t s o f t h e 24 and 12 Hour P e r i o d s . 
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p V w i t h h e i g h t t o be 
pV ^ exp ( - Z / Z Q ) ( 1 1 1 - 1 2 ) 
f o r wave mot ion which he a t t r i b u t e d m o s t l y t o i n t e r n a l g r a v i t y waves 
where i s a c h a r a c t e r i s t i c l e n g t h o f t h e d i s s i p a t i o n . I n t e r n a l 
g r a v i t y waves a r e s m a l l s c a l e mot ions which were p o s t u l a t e d by Hines 
[ 1 9 6 0 ] t o be important even i n the h e i g h t r e g i o n around 100 km 
a l t i t u d e . The g r a v i t y waves have v e r t i c a l wave lengths of the order 
of 12 km near t h e 100 km r e g i o n and have v e r y s m a l l p e r i o d s i n 
comparison w i t h the t i d a l h a r m o n i c s . The main f o r c i n g f u n c t i o n of the 
g r a v i t y waves i s the f o r c e o f g r a v i t y . 
The v a l u e s of z^ c a l c u l a t e d by the G r o v e s ' method f o r t i d a l 
wave m o t i o n s a r e shown i n T a b l e 5 . N o t i c e t h a t the c a l c u l a t e d z^ 
v a l u e f o r the 8 hour p e r i o d i s a p p r o x i m a t e l y i n f i n i t e . Thus i f one 
can a c c e p t t h e r e s u l t s of F i g u r e 2 0 , then the 8 hour p e r i o d a c t s as i f 
i t has no d i s s i p a t i v e f o r c e s a c t i n g on i t i n t h i s h e i g h t r a n g e . 
For c o m p a r i s o n , z^ v a l u e s which were c a l c u l a t e d from d a t a from 
Kochanski [ 1 9 6 4 ] , Poper [ 1 9 6 6 ] , and t h e g e o m e t r i c a l method a r e shown 
i n T a b l e 5 a l s o . Note t h a t the z^ v a l u e s from t h e 4 s e t s of da ta 
a g r e e v e r y w e l l w i t h each o t h e r w i t h the e x c e p t i o n o f t h e 12 hour 
p e r i o d from R o p e r ' s d a t a . However, R o p e r ' s d a t a were f o r the month o f 
June , 1 9 6 1 o n l y and t h i s i s dur ing t h e s eason of the y e a r f o r which the 
12 hour p e r i o d i s thought t o be s t r o n g e s t . Thus t h i s c a l c u l a t i o n of 
ZQ f o r t h e s e m i d i u r n a l component may not be good f o r any o t h e r t ime o f 
the y e a r . 
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T a b l e 5 . C a l c u l a t e d Va lues o f t h e C h a r a c t e r i s t i c 
Length z Q . 
A n a l y s i s 
E f f e c t i v e 
He ight Range R e f e r e n c e 
Kochanski 
1 ) G r a v i t y Wave Mot ion 7 . 6 7 0 - 1 4 0 km Kochanski [ 1 9 6 4 ] 
Meteor Data 
G r o v e s ' s Method 
1 ) 24 hour p e r i o d 
2 ) 12 hour p e r i o d 
6 . 5 8 3 - 9 7 km 
Roper [ 1 9 6 6 ] and 
Jus tus &_ Roper 
[ 1 9 6 8 ] 
Chemical R e l e a s e Data 
G e o m e t r i c a l Method 
1) 24 hour p e r i o d 
2) 12 hour p e r i o d 
5 . 1 9 0 - 1 2 0 km 
5 . 0 
Woodrum and Jus tus 
[ 1 9 6 8 ] 
Chemical R e l e a s e Data 
G r o v e s ' Method 
1) 24 hour p e r i o d 
2) 12 hour p e r i o d 
3 ) 8 hour p e r i o d 
7 . 3 
5 . 9 
9 5 - 1 3 5 km P r e s e n t A n a l y s i s 
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The a c t u a l z o n a l and m e r i d i o n a l components of the p r e v a i l i n g , 
24 h o u r , and 12 hour winds can a l s o be o b t a i n e d from t h e G r o v e s ' 
a n a l y s i s . These components c o u l d be c a l c u l a t e d f o r any hour of t h e 
day; but f o r conven ience i n comparing t h e r e s u l t s of t h e p r e s e n t 
a n a l y s i s w i th o t h e r r e s u l t s , winds a t 6 P.M. were t a k e n . The component 
winds o f the p r e v a i l i n g and t i d a l winds a r e shown i n F i g u r e s 22 and 2 3 . 
The p r e v a i l i n g wind i n t h i s c a s e was c a l c u l a t e d s e p a r a t e l y w i t h each 
c a l c u l a t i o n of the t i d a l components . The t h r e e c a l c u l a t i o n s agreed 
v e r y w e l l and h e n c e , t h e average p r e v a i l i n g wind i s shown i n F i g u r e 2 2 . 
V e r t i c a l wave lengths f o r t h e t i d a l and p r e v a i l i n g winds were 
c a l c u l a t e d by t h r e e methods . Method one c a l c u l a t e d t h e wave length by 
c o n s i d e r i n g the p h a s e . The wave length i s t h e v e r t i c a l d i s t a n c e 
r e q u i r e d f o r the wind to r o t a t e 3 6 0 ° . I t shou ld be no ted t h a t a l l the 
r e s u l t s showed t h a t the t i d a l and p r e v a i l i n g winds r o t a t e c l o c k w i s e 
w i th i n c r e a s i n g h e i g h t . 
Method two c a l c u l a t e d the wave length by s u b j e c t i v e a n a l y s i s of 
Figures 22 and 23 . Method t h r e e c a l c u l a t e d the wave length by correla­
t i o n a n a l y s i s o f t h e component curves i n t h e s e f i g u r e s . The a v e r a g e s 
of t h e s e r e s u l t s w i t h the i n d i c a t e d s tandard d e v i a t i o n s a r e shown i n 
T a b l e 6 under the heading o f Groves Method. The s t a n d a r d d e v i a t i o n s 
show a measure of t h e s e l f c o n s i s t e n c y of each of the t h r e e methods but 
do n o t n e c e s s a r i l y correspond t o the a c t u a l p o s s i b l e e r r o r i n each v a l u e . 
Phase d i f f e r e n c e s between the northward and eas tward components 
of the t i d a l and p r e v a i l i n g winds were c a l c u l a t e d by a s u b j e c t i v e 
-40 -20 0 20 40 -40 -20 0 20 40 
Velocity, m/sec 
F i g u r e 2 2 . C a l c u l a t e d Northward ( S o l i d D o t s ) and Eastward (Open C i r c l e s ) 
Components of t h e P r e v a i l i n g ( L e f t P l o t ) and 24 Hour ( R i g h t 
P l o t ) Winds . 
00 
o 
V e l o c i t y , m / s e c 
Figure 2 3 . C a l c u l a t e d Northward ( S o l i d D o t s ) and Eastward (Open C i r c l e s ) 
Components of the 12 ( L e f t P l o t ) and 8 ( R i g h t P l o t ) Hour W i n d s . 
oo 
T a b l e 6 . Comparisons o f t h e C a l c u l a t e d Wave­
l e n g t h s , Phase D i f f e r e n c e , and Average A m p l i t u d e s . 
Comparison G e o m e t r i c a l Method Groves Method 
Wave length 
( a ) 24 hour 19 ± 1 km 25 ± 2 km 
( b ) 12 hour = 60 km 36 ± 1 km 
( c ) P r e v a i l i n g 27 ± 5 km 26 ± 4 km 
Phase D i f f e r e n c e 
( a ) 24 hour 1 2 0 ° ± 7 ° 1 0 0 ° ± 1 1 ° 
( b ) 12 hour 1 0 7 ° ± 3 ° 
( c ) P r e v a i l i n g 1 2 3 ° ± 7 ° 1 0 2 ° ± 6 ° 
Average Ampl i tudes 
( a ) 24 hour 19 m / s e c 23 m/sec 
(b ) 12 hour - 15 m / s e c 20 m / s e c 
( c ) P r e v a i l i n g 20 m/sec 20 m/sec 
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a n a l y s i s and a c r o s s c o r r e l a t i o n a n a l y s i s of the component curves i n 
t h e F i g u r e s 22 and 2 3 . These v a l u e s t o g e t h e r w i t h the v a l u e s of t h e 
a v e r a g e ampl i tude o f t h e t i d a l and p r e v a i l i n g winds a r e a l s o shown in 
T a b l e 6 . 
The 8 hour p e r i o d i s not c o n s i d e r e d i n T a b l e 6 b e c a u s e i t i s t o o 
s m a l l be low an a l t i t u d e of 120 km t o e x t r a c t any m e a n i n g f u l i n f o r m a t i o n 
about i t s wave length and phase d i f f e r e n c e . The r e s u l t s of t h e G r o v e s ' 
a n a l y s i s i n T a b l e 6 a r e compared w i t h the r e s u l t s of v e c t o r a n a l y s i s 
p r e s e n t e d by the g e o m e t r i c a l method. The two methods a r e seen t o 
g i v e v e r y much the same r e s u l t s , e s p e c i a l l y f o r the phase d i f f e r e n c e s 
and a v e r a g e a m p l i t u d e s . The o n l y s i g n i f i c a n t d i f f e r e n c e between the 
two methods i s i n t h e c a l c u l a t e d v a l u e s o f t h e 24 hour and 12 hour 
v e r t i c a l w a v e l e n g t h s . However the 12 hour wave length as c a l c u l a t e d 
from the g e o m e t r i c a l method i s so approx imate t h a t i t cannot be 
c o n s i d e r e d i n c o m p a t i b l e w i t h the 36 km wave length c a l c u l a t e d by the 
Groves method. 
There i s a d i f f e r e n c e i n t h e c a l c u l a t e d wave l eng th f o r the 24 
hour p e r i o d , however . One p o s s i b l e cause f o r the d i f f e r e n c e c o u l d be 
t h e f a c t t h a t the Groves a n a l y s i s uses a c t u a l t imes f o r each wind 
datum whereas the v e c t o r method uses an averaged t ime f o r a group of 
wind d a t a p o i n t s . Th i s would seem t o i n d i c a t e t h a t t h e Groves method 
i s b e t t e r . 
Theory p r e d i c t s t h a t f o r a n o n d i s s i p a t i v e atmosphere the wave ­
l e n g t h of the ( 1 , 3 ) mode o f the d i u r n a l t i d e i s about 20 km, which 
a g r e e s w e l l w i t h the r e s u l t s of the v e c t o r method. However, i f 
d i s s i p a t i o n o c c u r s , as t h e r e s u l t s i n b o t h a n a l y s e s show, then the 
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e x p e c t e d wave length would be l o n g e r than 20 km. T h i s seems to a g r e e 
w i t h the r e s u l t s of t h e Groves method. Further t i d a l a n a l y s i s work 
w i l l be needed t o d i s t i n g u i s h which of the two methods g i v e the 
b e t t e r r e s u l t s . 
V a r i a n c e 
The e x p e r i m e n t a l a n a l y s i s thus f a r has been concerned wi th the 
v e r y l a r g e s c a l e mot ion of the a tmosphere . I t would a l s o be i n t e r e s t i n g 
t o s e e i f some i n f o r m a t i o n cou ld be o b t a i n e d about t h e s m a l l e r s c a l e 
o s c i l l a t i o n s . The "var iance" curves of F i g u r e 10 might g i v e us t h i s 
i n f o r m a t i o n . 
As Hines [ 1 9 6 6 ] has p o i n t e d o u t , the v a r i a n c e c a l c u l a t e d from 
t h e a v e r a g i n g of wind p r o f i l e s i n t o d i f f e r e n t t ime groups cou ld be 
produced by a t l e a s t four p r o c e s s e s : ( 1 ) i r r e g u l a r winds which are 
a t t r i b u t a b l e t o i n t e r n a l g r a v i t y w a v e s , ( 2 ) d a y - t o - d a y and s e a s o n a l 
v a r i a t i o n of the s y s t e m a t i c w i n d s , ( 3 ) s c a t t e r i n t r o d u c e d by t h e 
v a r i a t i o n of r o c k e t launch t imes w i t h i n each g r o u p , and ( 4 ) a d d i t i o n a l 
s y s t e m a t i c components such as e i g h t - a n d s i x - h o u r t i d e s , which a r e no t 
accounted f o r i n t h e g e o m e t r i c a l method of t i d a l e x t r a c t i o n . 
By u s i n g t h e r e s u l t s of Kochanski [ 1 9 6 4 ] , Hines [ 1 9 6 6 ] has 
d i v i d e d h i s computed v a r i a n c e i n t o a component produced by g r a v i t y 
waves and a component produced by o t h e r e f f e c t s . Kochanski e x t r a c t e d 
" i r r e g u l a r " w i n d s , which he i d e n t i f i e d as g r a v i t y w a v e s , from a number 
of s i n g l e wind p r o f i l e s . He d id t h i s by i n s p e c t i o n of the o s c i l l a ­
t i o n s i n the speed v e r s u s h e i g h t c u r v e s . Hines has p o i n t e d out t h a t 
K o c h a n s k i ' s method cannot i d e n t i f y and e x t r a c t l a r g e s c a l e g r a v i t y 
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waves which may be p r e s e n t and t h a t the method i s " s u b j e c t t o c h a l l e n g e " 
on the b a s i s of s u b j e c t i v e d e c i s i o n s which must be made i n t h e a n a l y s i s . 
The r e s u l t e x p r e s s e d in e q u a t i o n I I I - 5 a l s o shows f o r a s i n g l e mode t h a t 
o s c i l l a t i o n s i n the speed curves c o u l d be produced by unequal ampl i tudes 
of the northward and eastward t i d a l components a n d / o r a phase d i f f e r e n c e 
between t h e s e components of something o t h e r than 9 0 ° . A s u p e r p o s i t i o n 
of d i f f e r e n t t i d a l modes c o u l d v e r y w e l l be a major c o n t r i b u t o r t o t h e 
t o t a l w i n d s . Hence , the t o t a l winds may a l s o show o s c i l l a t i o n s i n the 
speed c u r v e s due to the r e s u l t s of e q u a t i o n I I I - 5 . Thus , K o c h a n s k i ' s 
method would a l s o be s u b j e c t t o c h a l l e n g e on the grounds of the 
r e s u l t s e x p r e s s e d by e q u a t i o n s I I 1 - 5 and I I I - 7 w i t h the p o s s i b i l i t y of 
A ^ B or (J) ^ 9 0 ° . So the r e s u l t s of Kochanski [ 1 9 6 4 ] must be v iewed 
w i t h g r e a t s u s p i c i o n . However, he c a l c u l a t e d an ampl i tude of about 
60 m / s e c f o r o s c i l l a t i o n s due t o g r a v i t y waves a t about 105 km a l t i t u d e . 
Hines [ 1 9 6 6 ] c a l c u l a t e d an average v a r i a n c e of about 65 m / s e c . 
The a v e r a g e v a r i a n c e f o r t h e P . M . , midn ight and A . M . curves of 
F i g u r e 10 a r e 6 6 , 64 and 52 m/sec r e s p e c t i v e l y . 
V e 1 o c i t y P i f f e r e n c e 
In an a t t empt t o b e t t e r e s t a b l i s h the magni tude of t h e s m a l l 
s c a l e o s c i l l a t i o n s , a f u r t h e r a n a l y s i s was performed i n v o l v i n g p a i r s of 
wind p r o f i l e s . Two wind p r o f i l e s , which have r o c k e t launch t imes t h a t 
a r e d i f f e r e n t by an amount of an i n t e g r a l m u l t i p l e o f a day p l u s or 
minus f i f t e e n m i n u t e s , were s u b t r a c t e d from each o t h e r t o g i v e a 
v e l o c i t y d i f f e r e n c e . S i n c e the wind p r o f i l e s have a t ime d i f f e r e n c e o f 
an i n t e g r a l m u l t i p l e of a d a y , then a l l c o n t r i b u t i o n from t h e 24 hour 
t i d a l harmonic sequence should be exc luded from the v e l o c i t y d i f f e r e n c e . 
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So the v e l o c i t y d i f f e r e n c e s h o u l d be caused m o s t l y by i r r e g u l a r winds 
which i n c l u d e g r a v i t y waves and the p o s s i b l e nonharmonic o s c i l l a t i o n s 
shown by t h e Groves a n a l y s i s . D a y - t o - d a y v a r i a t i o n s of t h e s y s t e m a t i c 
winds would a l s o be i n c l u d e d i n the v e l o c i t y d i f f e r e n c e but shou ld 
p l a y a minor r o l e as compared w i t h the i r r e g u l a r w i n d s . Prov ided t h e 
v e l o c i t y d i f f e r e n c e s a r e taken over a t most a few days i n t e r v a l then 
s e a s o n a l v a r i a t i o n s o f t h e s y s t e m a t i c winds shou ld n o t be p r e s e n t to 
any s i g n i f i c a n t e x t e n t i n the computed v e l o c i t y d i f f e r e n c e . F i g u r e 17 
shows t h e a v e r a g e speed squared of t h e 33 and 20 hour nonharmonic 
2 2 
mot ion i s about 900 m / s e c . F i g u r e s 24 and 25 show t h a t t h e a v e r a g e 
2 2 
s q u a r e of t h e v e l o c i t y d i f f e r e n c e s i s about 8000 m / s e c . Hence the 
nonharmonic mot ions s h o u l d i n f l u e n c e t h e v e l o c i t y d i f f e r e n c e m e a s u r e ­
ments i n on ly a s m a l l way i f any . 
A t o t a l o f 38 p a i r s of wind p r o f i l e s were o b t a i n e d f o r which 
t h e t ime d i f f e r e n c e w i t h i n each p a i r extended from one day through 
f i f t e e n d a y s . F i g u r e s 24 and 25 show t h e p l o t s of a 5 km average of 
t h e square of the c a l c u l a t e d v e l o c i t y d i f f e r e n c e s v e r s u s t h e t ime 
d i f f e r e n c e i n d a y s . The i n d i c a t e d h e i g h t s on t h e s e f i g u r e s a r e t h e 
m i d p o i n t h e i g h t s of the 5 km a v e r a g e . The s t r a i g h t l i n e s a r e l e a s t 
s q u a r e f i t s t o t h e d a t a p o i n t s . The s t r a i g h t l i n e s show t h a t t h e r e 
i s l i t t l e or no s i g n i f i c a n t i n c r e a s e i n the a m p l i t u d e of t h e v e l o c i t y 
d i f f e r e n c e s w i t h an i n c r e a s e i n t h e t ime d i f f e r e n c e . The reason f o r 
t h i s can be seen by the f o l l o w i n g a n a l y s i s . 
Comparison Wi th C o r r e l a t i o n A n a l y s i s . The procedure o f p e r f o r m ­
ing an average o f the s q u a r e of t h e v e l o c i t y d i f f e r e n c e can be r e l a t e d 
t o the c a l c u l a t i o n of the c o r r e l a t i o n f u n c t i o n d e s c r i b e d i n Appendix G 
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D a y s o f T i m e S e p a r a t i o n 
Figure 2 4 . Square o f the V e l o c i t y D i f f e r e n c e Averaged 
Over a F i v e K i l o m e t e r He ight I n t e r v a l w i t h 
the M i d p o i n t s o f the Two He ight I n t e r v a l s a t 
97 km (Lower) and 102 km (Upper) Versus Days 
o f Time S e p a r a t i o n of t h e Wind P r o f i l e s . The 
S t r a i g h t L i n e s are L e a s t - s q u a r e s F i t s o f the 
D a t a . 
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0 I I I I I I I 1 I i I I 1 I I L. 
1 3 5 7 9 1 1 1 3 1 5 
D a y s o f T i m e S e p a r a t i o n 
F i g u r e 2 5 . Square o f the V e l o c i t y D i f f e r e n c e Averaged Over 
a F i v e K i l o m e t e r He ight I n t e r v a l w i t h the 
M i d p o i n t s o f the Two He ight I n t e r v a l s a t 107 km 
(Lower) and 112 km (Upper) V e r s u s Days of Time 
S e p a r a t i o n o f the Wind P r o f i l e s . The S t r a i g h t 
L i n e s are L e a s t - s q u a r e s F i t s o f the D a t a . 
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i n the f o l l o w i n g manner. 
V d 2 = < ! V ( t ) - V ( t + 6 t J 2 > ( 1 1 1 - 1 3 ) 
where i s the v e l o c i t y d i f f e r e n c e , t i s t i m e , 6 t i s an i n t e g r a l 
m u l t i p l e of a day and t h e a n g l e b r a c k e t s denote an a v e r a g e . 
V 2 = 2 ' v 2 ( t ) > - / < " f t ) v ( t + fit) > ( 1 1 1 - 1 4 ) 
where t h e a v e r a g e of the v e l o c i t y squared i s independent of t i m e . By 
e q u a t i o n C - l , we g e t 
V 2 = 2 < V 2 ( t ) > [1 - G ( 5 t ) ] ( 1 1 1 - 1 5 ) 
where G ( 6 t ) i s t h e c o r r e l a t i o n f u n c t i o n . 
F i g u r e 26 shows a p l o t o f v e r s u s p e r i o d f o r t h e 
2 < V 2 ( t ) > 
t y p e o f m o t i o n s e x p e c t e d t o be c o n t a i n e d i n t h e v e l o c i t y d i f f e r e n c e s . 
The s o l i d curve g i v e s t h e c o r r e l a t i o n f u n c t i o n f o r a wind component 
w i t h o n l y one mode o f o s c i l l a t i o n . When t h e wind component i s made up 
of o s c i l l a t i o n s w i th many d i f f e r e n t p e r i o d s as a r e e x p e c t e d t o b e 
p r e s e n t i n t h e v e l o c i t y d i f f e r e n c e then t h e c o r r e l a t i o n f u n c t i o n behaves 
l i k e the d o t t e d l i n e . The o t h e r curve i n F i g u r e 26 r e p r e s e n t s t h e 
v 2 
e x p e c t e d v a l u e o f d f o r the v e l o c i t y d i f f e r e n c e d a t a . 
2 < V 2 ( t ) > 
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F i g u r e 2 6 . C o r r e l a t i o n F u n c t i o n . S o l i d L i n e G i v e s 
C o r r e l a t i o n Funct ion f o r One Mode o f O s c i l l a ­
t i o n . D o t t e d L ine g i v e s C o r r e l a t i o n F u n c t i o n 
f o r a S u p e r p o s i t i o n o f S e v e r a l Modes o f 
O s c i l l a t i o n s . The Other L i n e R e p r e s e n t s 
the Expected Va lue o f ~ For 
2 < V ( t ) > 
the V e l o c i t y D i f f e r e n c e D a t a . 
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Thus the c a l c u l a t e d curves i n F i g u r e s 24 and 25 must r e p r e s e n t t h a t 
p a r t of the curve in F i g u r e 26 f o r which the c o r r e l a t i o n curve has 
a l r e a d y descended t o z e r o . 
S i n c e the v e l o c i t y d i f f e r e n c e da ta does not show any s i g n i f i c a n t 
change w i t h t ime d i f f e r e n c e , then i n o r d e r t o g e t a rough e s t i m a t e o f 
the ampl i tude of the s m a l l s c a l e mot ions v e r s u s a l t i t u d e , a l l the 
v e l o c i t y d i f f e r e n c e data were averaged t o g e t h e r f o r each h e i g h t . 
F i g u r e 27 shows t h e s e r e s u l t s . The a b s c i s s a of F i g u r e 27 i s a c t u a l l y 
e q u a t i o n 1 1 1 - 1 5 . The square of t h e v e l o c i t y d i f f e r e n c e approaches 
t w i c e t h e square of t h e v e l o c i t y ampl i tude o f t h e a tmospher i c 
o s c i l l a t i o n . I f the v e l o c i t y d i f f e r e n c e s a r e a t t r i b u t e d t o g r a v i t y 
w a v e s , then F i g u r e 27 shows t h e v a r i a t i o n of t h e g r a v i t y wave winds 
w i t h h e i g h t d i r e c t l y . The p r o b a b l e e r r o r of the mean f o r the curve 
i n F i g u r e 27 ranges from 1 0 . 2 m/sec a t 92 km to 2 7 . 6 m/sec a t 103 km 
a l t i t u d e w i t h an a v e r a g e p r o b a b l e e r r o r o f about 20 m / s e c . 
The curve i n F i g u r e 27 i n d i c a t e s an i n c r e a s e i n t h e g r a v i t y 
wave wind up t o about 1 0 2 - 1 0 5 km a l t i t u d e w i t h a maximum of about 
60 t o 70 m/sec a t about 105 km. Then t h e g r a v i t y wave wind d e c r e a s e s 
s l i g h t l y or s t a y s c o n s t a n t immedia te ly above 105 km a l t i t u d e . 
Kochanski [ 1 9 6 4 ] observed a s i m i l a r n a t u r e f o r t h e i r r e g u l a r winds 
which he a t t r i b u t e d to g r a v i t y waves ; however , h i s method o f a n a l y s i s 
i s v e r y q u e s t i o n a b l e . I f t h e curve in F i g u r e 27 i s a t t r i b u t e d t o 
g r a v i t y waves o n l y , then t h e a v e r a g e g r a v i t y wave wind i s about 
53 m / s e c f o r t h e observed h e i g h t i n t e r v a l . 
i n s t e a d of j u s t V , , The r e a s o n f o r t h i s i s s e e n i n 
Figure 2 7 . V e l o c i t y D i f f e r e n c e Averaged Over A l l Time 
S e p a r a t i o n s Versus H e i g h t . 
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As was ment ioned e a r l i e r i n t h i s c h a p t e r , Kochanski proposed 
t h a t t h e v a r i a t i o n of t h e energy c o n t a i n e d i n t h e g r a v i t y wave 
mot ion had an e x p o n e n t i a l form wi th h e i g h t g i v e n by e q u a t i o n 1 1 1 - 1 2 . 
For the purpose of f i t t i n g t h i s e x p o n e n t i a l f u n c t i o n t o the v e l o c i t y 
d i f f e r e n c e d a t a , a s e m i - l o g p l o t of t h e energy v e r s u s h e i g h t was 
made and i s shown i n F i g u r e 2 8 . T h i s f i g u r e shows t h e energy 
c o n t a i n e d i n the i r r e g u l a r mot ion i s r a t h e r c o n s t a n t be low an a l t i t u d e 
o f 1 0 0 km and then decays e x p o n e n t i a l l y above t h i s a l t i t u d e w i th a 
ZQ v a l u e o f 4 , 3 km. Th i s v a l u e i s s een t o be of t h e same o r d e r o f 
m a g n i t u d e , a l t h o u g h somewhat s m a l l e r than the v a l u e which Kochanski 
o b t a i n e d ( 7 . 6 km g i v e n i n T a b l e 5 ) . 
A s i m i l a r p l o t can a l s o be made f o r t h e v a r i a n c e d a t a computed 
from t h e g e o m e t r i c a l method and i s shown i n F i g u r e 2 9 . The z^  v a l u e s 
f o r the PM, m i d n i g h t and AM d a t a are 6 . 6 , 6 . 6 and 6 , 0 km r e s p e c t i v e l y . 
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F i g u r e 2 8 . S e m i - l o g P l o t o f Energy Conta ined i n the V e l o c i t y 
D i f f e r e n c e Versus A l t i t u d e . The S t r a i g h t L ine i s 
a S u b j e c t i v e F i t of the Data Over I n d i c a t e d 
A l t i t u d e . 
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F i g u r e 2 9 . S e m i - l o g P l o t of Energy Conta ined i n the V a r i a n c e 
as Computed f o r the Time Groups of Dusk ( S o l i d 
D o t s ) , Midnight ( S q u a r e s ) and Dawn (Open C i r c l e s ) 
Versus A l t i t u d e . The S t r a i g h t L i n e s a r e S u b j e c t i v e 




T a b l e 7 and 8 g i v e a summary of t h e c o n c l u s i o n s which can be 
drawn from the two methods of a n a l y z i n g the e x p e r i m e n t a l da ta 
p r e s e n t e d h e r e . T a b l e 7 a l s o shows t h e p r e d i c t e d v a l u e s of the 
d i f f e r e n t parameters f o r t h e t i d a l waves from t h e t i d a l t h e o r y g i v e n 
i n Chapter I I . 
Both a n a l y s e s computed a p r e v a i l i n g wind whose h e i g h t v a r i a t i o n 
can most e a s i l y be e x p l a i n e d by some w a v e l i k e m o t i o n . The computed 
v e l o c i t y a m p l i t u d e s , w a v e l e n g t h s and phase d i f f e r e n c e s f o r t h e 
p r e v a i l i n g wind by the two methods a g r e e v e r y w e l l . 
The c a l c u l a t e d v e r t i c a l w a v e l e n g t h s of t h e p r o p a g a t i n g d i u r n a l 
t i d e a g r e e w e l l w i th the wave length of t h e ( 1 , 3 ) mode. The Groves 
method seems t o show some i n f l u e n c e of the v i s c o u s d i s s i p a t i o n o f t h e 
t i d a l energy i n i t s c a l c u l a t e d w a v e l e n g t h . I t s c a l c u l a t e d wave length 
was 25 km which was a l i t t l e l o n g e r than t h e p r e d i c t e d v a l u e of 20 km. 
The c a l c u l a t e d v e r t i c a l wave l ength of the s e m i d i u r n a l t i d e 
seems t o a g r e e w e l l w i t h the wave length of t h e ( 2 , 4 ) mode. I t was 
thought e a r l i e r t h a t the ( 2 , 2 ) mode was t h e main c o n t r i b u t o r t o the 
s e m i d i u r n a l o s c i l l a t i o n i n the h e i g h t range around 100 km. The ( 2 , 2 ) 
mode i s the main c o n t r i b u t o r t o t h e s e m i d i u r n a l o s c i l l a t i o n i n t h e 
lower a tmosphere . 
The phase d i f f e r e n c e between t h e northward and eas tward v e l o c i t y 
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T a b l e 7 : T i d a l Parameters 
T h e o r e t i c a l 
( l i n e a r i z e d t h e o r y w i t h 
no d i s s i p a t i o n ) 
G e o m e t r i c a l Groves 
P r e v a i l i n g Wind 
a) Sense of r o t a t i o n 
b) V e l o c i t y Amp. 
c ) V e r t i c a l Wave length 
d) Phase D i f f e r e n c e 
C l o c k w i s e 
23 m/sec 
27 km 
1 2 3 ° 
C l o c k w i s e 
20 m/sec 
26 km 
1 0 2 ° 
D i u r n a l T i d e 
a) Sense of r o t a t i o n C lockwise 
b) V e l . Amp. 100 m / s e c 
c ) V e r t i c a l Wave leng ths 20 km 
d) Phase D i f f e r e n c e - 9 0 ° 
C l o c k w i s e 
19 m / s e c 
19 km 




1 0 0 ° 
S e m i d i u r n a l T i d e 
a) Sense o f r o t a t i o n 
b ) V e l . Amp. 
c ) V e r t i c a l Wave length 
d) Phase D i f f e r e n c e 
C l o c k w i s e 
100 m / s e c 
40 km or 100 km 






20 m / s e c 
36 km 
1 0 7 ° 
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T a b l e 8 . Energy D i s s i p a t i o n 
A n a l y s i s Average 
Magnitude 






R e f e r e n c e 
Kochanski 
1 ) G r a v i t y Wave 45 7 . 6 7 0 - 1 4 0 Kochanski [ 1 9 6 4 ] 
V e l o c i t y D i f f e r e n c e 53 4 . 3 9 1 - 1 1 4 P r e s e n t A n a l y s i s 
Hines 
1) V a r i a n c e 65 9 0 - 1 3 0 Hines [ 1 9 6 6 ] 
G e o m e t r i c a l Method 
1 ) V a r i a n c e 
2) D i u r n a l 
3 ) S e m i d i u r n a l 
Meteor Data 
Groves Method 
1) D i u r n a l 






6 . 4 
5 . 1 
5 . 0 
9 0 - 1 2 0 Woodrum and 
Jus tus [ 1 9 6 8 ] 
6 . 5 8 3 - 9 7 Roper [ 1 9 6 6 ] and 
0 0
 Jus tus and Roper 
[ 1 9 6 8 ] 
Chemical R e l e a s e Data 
Groves Method 
1 ) D i u r n a l 
2) S e m i d i u r n a l 




7 . 3 
5 . 9 
9 5 - 1 3 5 Presen t A n a l y s i s 
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components f o r both the d i u r n a l and s e m i d i u r n a l t i d e s were c a l c u l a t e d 
to be s i g n i f i c a n t l y l a r g e r than the v a l u e of 9 0 ° which was p r e d i c t e d 
by l i n e a r i z e d t i d a l t h e o r y f o r a s i n g l e mode of o s c i l l a t i o n . 
The c a l c u l a t e d v e l o c i t y a m p l i t u d e s f o r b o t h the d i u r n a l and 
s e m i d i u r n a l o s c i l l a t i o n s were v e r y much s m a l l e r than the p r e d i c t e d 
a m p l i t u d e s . One r e a s o n i s due t o t h e n e g l e c t of the n o n l i n e a r 
v e l o c i t y terms i n t h e t i d a l t h e o r y . These n o n l i n e a r terms become 
v e r y important above t h e a l t i t u d e of 100 km. The e f f e c t of t h e 
n o n l i n e a r terms would be t o reduce t h e t h e o r e t i c a l l y p r e d i c t e d v e l o c i t y 
a m p l i t u d e s and thus b r i n g t h e p r e d i c t e d and a c t u a l ampl i tudes i n t o 
c l o s e r agreement . A l s o , the v i s c o u s d i s s i p a t i o n of energy becomes 
impor tant above 100 km and hence t h i s p r o c e s s would tend t o reduce 
the p r e d i c t e d ampl i tude even more i f t h e s e e f f e c t s were taken i n t o 
account i n t h e t h e o r y . 
T a b l e 8 shows t h a t b o t h the t i d a l wave mot ion and t h e s m a l l 
s c a l e wave mot ion s u f f e r energy d i s s i p a t i o n f o r t h e a l t i t u d e range 
90 - 120 km. Kochanski s u g g e s t e d an energy v a r i a t i o n w i t h h e i g h t of t h e 
wave m o t i o n g i v e n by Equat ion 1 1 1 - 1 2 , where the parameter z^ i s a 
c h a r a c t e r i s t i c l e n g t h o f the d i s s i p a t i o n . When the v a l u e of approaches 
i n f i n i t y , t h i s means t h a t energy remains a p p r o x i m a t e l y c o n s t a n t w i t h 
h e i g h t s ( i . e no s i g n i f i c a n t d i s s i p a t i o n t a k e s p l a c e ) . T a b l e 8 shows 
t h a t t h e v a l u e s o f z^ range from 4 . 3 t o 7 . 6 f o r t h e wave mot ion g i v e n 
h e r e w i t h o n l y two e x c e p t i o n s . The z^ v a l u e c a l c u l a t e d f o r the s e m i ­
d i u r n a l t i d e from d a t a p r e s e n t e d by Roper [ 1 9 6 6 ] i s f o r one month o n l y 
and i s s u s p e c t e d t o be p e c u l i a r to t h a t one month. An i n f i n i t e v a l u e 
o f z was a l s o c a l c u l a t e d f o r the 8 hour p e r i o d from t h e Groves 
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a n a l y s i s of the chemica l r e l e a s e d a t a . However the a m p l i t u d e of t h e 8 
hour p e r i o d i s v e r y s m a l l be low about 120 km and becomes l a r g e o n l y i n 
the h e i g h t range 1 2 0 - 1 3 5 km f o r t h i s s e t o f d a t a . T h i s importance o f 
the 8 hour p e r i o d has not been observed g e n e r a l l y i n t h e lower a tmosphere . 
However, no one has p r e v i o u s l y been a b l e t o s e p a r a t e the 8 hour p e r i o d i c 
mot ion e x p e r i m e n t a l l y from the t o t a l winds i n t h e a l t i t u d e range j u s t 
above 100 km. So the s i g n i f i c a n c e of the 8 hour mot ion i n t h i s h e i g h t 
range depends on whether f u t u r e e x p e r i m e n t a l measurements a l s o show an 
important 8 hour p e r i o d i c m o t i o n . 
T a b l e 8 a l s o shows the average magni tude of the t i d a l and s m a l l 
s c a l e m o t i o n s . The v e l o c i t y d i f f e r e n c e a n a l y s i s g i v e s an a v e r a g e 
g r a v i t y wave of about 53 m/sec ( i f t h e v e l o c i t y d i f f e r e n c e s a r e 
a t t r i b u t e d t o g r a v i t y waves o n l y ) . T h i s a n a l y s i s showed an i n c r e a s e of 
t h e i r r e g u l a r winds t o a maximum of about 60 to 70 m/sec i n the h e i g h t 
range 1 0 2 - 1 0 5 km. Immediate ly above a l t i t u d e 105 km, t h e i r r e g u l a r 
winds d e c r e a s e s l i g h t l y or s t a y c o n s t a n t . 
The v a r i a n c e measurements made by Hines [ 1 9 6 6 ] and the g e o m e t r i ­
c a l method p r e s e n t e d h e r e a g r e e v e r y w e l l . As was s u g g e s t e d by H i n e s , 
the v a r i a n c e measurements a r e p r o b a b l y composed o f a g r a v i t y wave 
component of about 40 t o 45 m / s e c and the r e s t i s made up of v a r i a t i o n s 
i n the s y s t e m a t i c w i n d s . 
An energy spectrum a n a l y s i s was a l s o performed on t h e wind d a t a 
f o r p e r i o d i c i t e s o f 6 t o 46 h o u r s . As e x p e c t e d , t h i s a n a l y s i s showed 
t h a t the 24 hour harmonics c a r r y a l a r g e p o r t i o n o f t h e a t m o s p h e r i c 
e n e r g y . However, t h i s a n a l y s i s a l s o i n d i c a t e d t h a t a l a r g e amount of 
energy may a l s o be c a r r i e d by nonharmonic mot ions w i t h p e r i o d s o f 1 6 , 
1 0 1 
2 0 , 33 and 36 h o u r s . These mot ions may be caused by n o n l i n e a r i n t e r ­
a c t i o n s of t h e 24 hour h a r m o n i c s . 
In a l l c a s e s the r e s u l t s showed a c l o c k w i s e r o t a t i o n o f t h e wind 
v e c t o r wi th i n c r e a s i n g h e i g h t and a downward phase p r o p a g a t i o n . The 
downward phase p r o p a g a t i o n , as shown i n Chapter I I , corresponds t o an 
upward energy p r o p a g a t i o n . 
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APPENDIX A 
DEVELOPMENT OF THE THEOP.Y 
The t h e o r y of a tmospher i c t i d e s has been d e v e l o p e d , b i t by b i t , 
over t h e y e a r s by many d i f f e r e n t i n v e s t i g a t o r s . A v e r y good c o l l e c t i o n 
of t h e t h e o r e t i c a l works t o the p r e s e n t t ime i s g i v e n by S i e b e r t [ 1 9 6 1 ] 
and h i s p r e s e n t a t i o n o f the t h e o r y w i l l be e x h i b i t e d and expanded i n 
t h i s s e c t i o n . 
The e a r t h ' s atmosphere i s a v e r y complex sys tem and many d i f ­
f e r e n t parameters i n f l u e n c e t h e a tmospher i c m o t i o n s . I t i s i m p o s s i b l e 
f o r the t h e o r y t o c o n s i d e r a l l o f t h e i n f l u e n c e s e x e r t e d by the 
a tmosphere . Thus some of t h e l e s s important i n f l u e n c e s a r e n e g l e c t e d . 
I n i t i a l Equat ions 
For t h i s reason t h e e a r t h i s assumed t o be a smoothed sphere 
r o t a t i n g wi th a c o n s t a n t a n g u l a r v e l o c i t y u>_. The a c c e l e r a t i o n due t o 
g r a v i t y g i s assumed t o be independent of l a t i t u d e and h e i g h t . The 
d i r e c t i o n o f t h e v e c t o r jg i s taken t o be r a d i a l l y down. The e r r o r 
i n t r o d u c e d i n t o the t h e o r y thus f a r i s about 3%. 
L e t P Q , P Q , and T^ r e p r e s e n t t h e s t a t i c p r e s s u r e , s t a t i c 
d e n s i t y and s t a t i c t emperature o f the a tmosphere . These q u a n t i t i e s a r e 
assumed t o be independent o f l a t i t u d e and l o n g i t u d e and dependent o n l y 
on h e i g h t z . The p r e s s u r e , d e n s i t y , and t emperature a r e r e l a t e d by 
t h e h y d r o s t a t i c e q u a t i o n and the i d e a l gas e q u a t i o n . 
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( A - l ) dz 
nRT 
o RT = g p H 
o & o 
( A - 2 ) 
o V 
v 
where M i s the mean m o l e c u l a r we ight of a i r , V i s the volume and H i s 
t h e s c a l e h e i g h t as d e f i n e d by e q u a t i o n 1 - 1 . The mean m o l e c u l a r we ight 
of a i r i s assumed t o be c o n s t a n t and thus t h e humid i ty of t h e a i r i s 
n e g l e c t e d . R i s the u n i v e r s a l gas c o n s t a n t which i s e q u a l t o 8 . 3 1 4 9 
3 
x 10 j o u l e s per kgm-mole-deg and n i s the number of m o l e s . 
E u l e r i a n Equat ions of Mot ion 
The e q u a t i o n s of mot ion t h a t w i l l be employed a r e t h e E u l e r i a n 
e q u a t i o n s o f hydrodynamics r e f e r r e d t o a r o t a t i n g e a r t h . 
where p = p^ + 6p and p = p ^ + 6p a r e the a c t u a l p r e s s u r e and d e n s i t y 
o f the atmosphere w i t h 6p and 6p as v a r i a t i o n s i n t h e p r e s s u r e and 
d e n s i t y from t h e u n d i s t u r b e d c o n d i t i o n , V = ( u , v , w ) i s the v e l o c i t y o f 
t h e t i d a l wind wi th u , v , w as components i n t h e southward , e a s t w a r d , 
and v e r t i c a l d i r e c t i o n s r e s p e c t i v e l y , and Q i s the g r a v i t a t i o n a l t i d a l 
p o t e n t i a l . Note t h a t e q u a t i o n A - 3 n e g l e c t s a l l e f f e c t s due t o f r i c t i o n 
and v i s c o s i t y . 
I f we denote x , y , z as the southward , eas tward and v e r t i c a l 
c o o r d i n a t e s r e s p e c t i v e l y , then 
dt 
dV 1 
+ 2OJ x V = Vp + g_ - Vft 
P 
( A - 3 ) 
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v + ( A - 4 ) 
The t h r e e n o n l i n e a r terms on the r i g h t s i d e of e q u a t i o n A - 4 have 
been t h e s u b j e c t o f much d i s c u s s i o n . In o r d e r f o r t h e m a t h e m a t i c a l 
t h e o r y to be s o l v a b l e , t h e s e terms must be n e g l e c t e d . Thus i t i s 
v i t a l t o know t h e magnitude of t h e t h r e e n o n l i n e a r terms compared w i t h 
8 V 
the magnitude of the term — . P e k e r i s [ 1 9 5 1 ] shows a p l o t o f t h e 
approx imate r a t i o o f t h e s e terms and t h i s p l o t i s shown i n F i g u r e 3 0 . 
Note t h a t t h e n e g l e c t of t h e s e terms i s a f a i r l y good a p p r o x i m a t i o n 
be low an a l t i t u d e of about 100 km. However above t h i s h e i g h t and 
c e r t a i n l y above 110 km, the approx imat ion i s no t a v e r y good o n e . One 
o f the consequences of the n o n l i n e a r terms i s t h a t modes of o s c i l l a ­
t i o n s w i l l no l o n g e r be independent and w i l l b e g i n t o i n t e r a c t w i t h 
each o t h e r . A p o s s i b l e r e s u l t o f t h i s i n t e r a c t i o n i s the a l t e r a t i o n 
o f the a m p l i t u d e s of some of the harmonic modes and t h e r e i s a s l i g h t 
chance t h a t some non-harmonic o s c i l l a t i o n s may be c r e a t e d [ S h i r e n 
Thus i t i s shown t h a t the n o n l i n e a r terms become a p p r e c i a b l e i n 
the m i d d l e o f the h e i g h t range which i s be ing s t u d i e d . T h e r e f o r e , t h e 
t h e o r e t i c a l e q u a t i o n s deve loped i n t h i s s e c t i o n s h o u l d be c o n s i d e r e d 
as o n l y a f i r s t a p p r o x i m a t i o n f o r t h e upper h a l f of t h e a l t i t u d e range 
which i s c o n s i d e r e d and t h e i n t e r p r e t a t i o n of the r e s u l t s s h o u l d t a k e 
t h i s s i t u a t i o n i n t o c o n s i d e r a t i o n . 
3 t 
( 1 9 6 5 ) ] . 
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0 . 5 R a t i o 1 . 0 2 5 0 3 0 0 3 5 0 
F i g u r e 3 0 . The R a t i o of t h e N e g l e c t e d N o n l i n e a r Terms t o the 
3V 
Term | — | . The Dot ted Curve Shows the Tempera­
t u r e P r o f i l e Used f o r the C a l c u l a t i o n o f the R a t i o 
( A f t e r P e k e r i s [ 1 9 5 1 ] ) . 
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Now c o n s i d e r t h e term 
1 1 
- Vp = V ( p Q + 6p) ( A - 5 ) 
P P o + 6 p 
but 
Vp = i r o + j *o + k *o 
° 3x 3y 8z 
*o 
V P q - k 3 z ( A - 6 ) 
s i n c e t h e p r e s s u r e depends o n l y on the a l t i t u d e z . 
W i t h the use o f e q u a t i o n s A - 1 and A - 6 , we g e t from e q u a t i o n 
A - 5 
1 gp k V ( 6 p ) 
- - Vp - p + 6p p + 6p p *o o 
I f the term ;—*z i s expanded and on ly the f i r s t o r d e r 
p + op r J 
terms a r e k e p t , then 
_ -
 V p - g
 k ( i - ie.) - ( i - ia> 
p p o p o p o 
. (_gk) + (-gk) ie. . Z S & i . + V ( « p ) ie-
P P ? o o p ^ 
0 
1 6p V ( 6 p ) 
_ Vp = -g + g — - ( A - 7 ) 
P p p 
o o 
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I f t h e n o n l i n e a r terms i n e q u a t i o n A - 4 are n e g l e c t e d , then w i t h 
the use o f e q u a t i o n s A - 4 and A - 7 , we g e t from e q u a t i o n A - 3 
8 V - 1 6 p 
r : + 2 ID x v = — V ( 6 p ) + — g -Vft ( A - 8 ) 
d t — 0 P — 0 ^0 
T h i s e q u a t i o n i s a v e c t o r e q u a t i o n and i s a c t u a l l y 
3u 6p 
— + 2 (ww - 03 v ) = - | - ( — + ft) ( A - 9 ) 
at y 8 x p 
o 
3v 8 5p 
— + 2 (03 u - WOJ ) = ( — + ft) ( A - 1 0 ) 
9 t z x 
0 
tfw 1 8 8ft 6 p 
— + 2(OJ v - 03 u) = — ( 6 p ) ~ g ( A - l l ) 
3 t y p az az p 
0 0 
The v e r t i c a l v e l o c i t y w i s assumed t o be v e r y s m a l l i n comparison 
w i t h t h e h o r i z o n t a l v e l o c i t i e s u and v . The v e r t i c a l a c c e l e r a t i o n i s 
a l s o assumed n e g l i g i b l e . 
Now c o n s i d e r F igure 3 1 . Note t h a t o^ i s a lways z e r o , 0 3 z = 03 
cos 0 where 9 i s t h e c o l a t i t u d e , and 0 3 x = - t o s i n 6 , Now compare the 
two terms 2o3 v and — g i n e q u a t i o n A - l l . At about 100 km a l t i t u d e , 
o 
t h e v a l u e s o f t h e concerned q u a n t i t i e s a r e about 
2 
10 m/sec ' 
p ^ - 10 ^ kgm/m^ 
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F i g u r e 3 1 . C o o r d i n a t e S y s t e m s . 




2 4 1 4 4 0 0 
r a d . / s e c , 
v - 5 0 m / s e c . 




— g - 0 . 1 m/ sec 
2 
2 oov s i n 0 - 0 . 0 0 8 m / sec 
Thus 2 o o x v i s about one or two o r d e r s of magnitude l e s s than 
and t h e r e f o r e can be n e g l e c t e d i n a compar i son . 
To change the c o o r d i n a t e sys tems of e q u a t i o n s A - 9 , A - 1 0 , A - l l 
from ( x , y , z ) t o (r ,8 ,<j>) where r = a + z and <j> i s the l o n g i t u d e , we 
have 
dx = r d 0 
dy = r s i n 0 d<J> 
dz = dr 
S i n c e z i s much l e s s than the r a d i u s of the e a r t h , then i t i s 
assumed t h a t z can be n e g l e c t e d whenever i t i s compared wi th a , so 
dx = a d 6 
dy = a s i n 0 d<p 
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dz = dz 
Thus e q u a t i o n s A - 9 , A - 1 0 , A - l l become 
9u 1 9 5 
— - 2 OJV cos 0 = — + ft) ( A - 1 2 ) 
9t a 90 p 
9v 1 9 5p 
— + 2 OJU cos 0 = - — ( — + ft) ( A - 1 3 ) 
9t a s i n 0 9<J> o 
9 ( 5 p ) 9ft 
= - g 6 p - p — ( A - 1 4 ) 
9z 9z 
P r e s s u r e V a r i a t i o n as a Thermodynamic P r o c e s s 
The above e q u a t i o n s d e s c r i b e t h e mot ion of t h e atmosphere caused 
by a p r e s s u r e v a r i a t i o n 6 p . The t i d a l p r e s s u r e v a r i a t i o n s may a l s o be 
t r e a t e d as a thermodynamic p r o c e s s which can be d e s c r i b e d by the f i r s t 
law o f thermodynamics f o r an i d e a l g a s . 
6Q = c v dT + p d ( ~ ) ( A - 1 5 ) 
where 6Q i s an i n f i n i t e s i m a l amount o f h e a t added per u n i t mass of a i r , 
c^ i s t h e s p e c i f i c h e a t a t c o n s t a n t v o l u m e , and T i s the t e m p e r a t u r e . 
The q u a n t i t y 6Q may not be an e x a c t d i f f e r e n t i a l . 
I f 6 0 i s p r o p o r t i o n a l t o dT, then the changes o f s t a t e a r e 
determined by 
6 Q = - r dT ( A - 1 6 ) 
I l l 
Y ' - 1 
where T ^ p 
c P + r 
y" = o <_ r < °° ( A - 1 7 ) 
c v + r 
i s the s p e c i f i c hea t a t c o n s t a n t p r e s s u r e . 
Hence a l l the changes of s t a t e are connected w i t h t emperature 
changes w i t h t h e e x c e p t i o n of t h e i s o t h e r m a l changes o f s t a t e , t h a t i s 
y' - 1 . The a d i a b a t i c changes of s t a t e occur when r = 0 which g i v e s 
6Q = 0 
T * p Y - 1 
c 
Y = — = 1 . 4 0 
1
 c V 
Chapman [ 1 9 3 2 ] i n v e s t i g a t e d the c a s e where the t i d a l p r e s s u r e 
i s assumed t o be e x c i t e d e x c l u s i v e l y by g r a v i t a t i o n and he found t h a t 
w i t h i n the margin o f the determined e r r o r the p r e s s u r e changes t a k e 
p l a c e a d i a b a t i c a l l y . Thus no change i n 60 would o c c u r . I f the p r e s s u r e 
v a r i a t i o n i s t h e r m a l l y e x c i t e d , then 
60 = J d t ( A - 1 8 ) 
where J i s the amount o f h e a t absorbed or e m i t t e d by a u n i t mass of a i r 
p e r u n i t t i m e . 
Then e q u a t i o n A - 1 5 becomes 
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But 
P dp dT 
p 2 dt V dt 
R = M ( c - c ) 
P v 
| - - M ( Y - D 
v 
R 
'v M ( Y - I ) 
Now we w i l l assume t h a t the i d e a l gas e q u a t i o n A - 2 i s v a l i d f o r 
d i s t u r b e d atmosphere as w e l l as the s t a t i c v a r i a b l e s . 
P - f P T ( A - 2 0 ) 
dp = | (T dp + p dT) 
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Equat ion A - 1 9 becomes by expans ion 
dT 
p o + 6p 
d t
 (p
 + 6 p ) 2 d t 
o 
dp 
— + J 
Now i f t h e s m a l l v a r i a t i o n t e r m s , 6p and 6 p , are n e g l e c t e d 
whenever compared t o the s t a t i c t e r m s , p Q and p , and w i t h the h e l p of 
e q u a t i o n 1 - 1 , then 
R dT 
M ( y - l ) d t • ^ & + J 
p dt 
( A - 2 3 ) 
From e q u a t i o n s A - 2 0 and A - 2 2 , then 
R 
M ( y - l ) 
Mp / 1 dp 1 dp 
Rp \ p d t " p d t . 
I f t h e second o r d e r terms are n e g l e c t e d , then we have 
dp p dp 
— = — Y - ~ + ( Y - D P n J 
dt p dt 0 
o 
dp dp 
— = Ygh — + ( Y - 1 ) PN J 
d t dt 0 
( A - 2 4 ) 
where 
dp dp^ d ( 6 p ) 




d r = w i r = " w g p o ( A - 2 5 ) 
s i n c e p = p ( z ) 
r o *o 
dt ax ay 3z 8 t 
The f i r s t two terms on t h e r i g h t i n v o l v e the h o r i z o n t a l d e r i v a ­
t i v e of the p r e s s u r e v a r i a t i o n . I t seems r e a s o n a b l e t h a t the changes 
i n t h e h o r i z o n t a l p r e s s u r e v a r i a t i o n s a r e v e r y s m a l l and hence t h e s e 
terms a r e n e g l e c t e d . The t h i r d term i s m u l t i p l i e d by the v e r t i c a l 
v e l o c i t y which i s assumed t o be v e r y s m a l l and s i n c e the term • - P 
a Z 
i s a l s o s m a l l then the t h i r d term i s n e g l e c t e d a l s o 
Then 
d ( 6 p ) _ 3 ( 6 p )
 f , 0 „ 
- d t ~ ( A " 2 6 ) 
S i m i l a r l y 
dp ! f o . 5 ( 6 p ) 
dt " W 8z 3 t 
( A - 2 8 ) 
£ - ^ J T + — ( A " 2 9 ) 
where T = T + 6 T . 
o 
C o n t i n u i t y Equat ion 
To comple te the s e t o f i n i t i a l e q u a t i o n s , we w i l l use t h e e q u a t i o n 
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of c o n t i n u i t y . 
where 
H + P 0 X - 0 ( A - 3 0 ) 
1 9 
X = V » V = — (u s i n 0) 
a s i n 6 89 
9v 9w 
+ -rr ( A - 3 1 ) 
a s i n 6 9<{> 9z 
S o l u t i o n of the I n i t i a l Equat ions 
Equat ions A - 1 2 , A - 1 3 , A - 1 4 , A - 2 3 and A - 2 9 g i v e us f i v e e q u a t i o n s 
from which the f i v e unknowns ( u , v , w, 6 p , 6T) w i l l be s o l v e d . 
F i r s t we assume t h a t a l l the v a l u e s ( u , v , w, 6 p , 6 p , 6 T , x » 
fi, J) v a r y as e ^ 0 t where a i s the a n g u l a r f requency o f the o s c i l l a t i o n , 
Then e q u a t i o n s A - 1 2 and A - 1 3 become 




i a v + 2 co u cos 
a s i n 6 3$ 
where 
6p 
k = — + fi 
P . 
S o l v i n g t h e s e e q u a t i o n s f o r u and v , we have 
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S o l v i n g t h e s e e q u a t i o n s f o r u and v , we have 
u = 
2 co v cos 1 _3k 
i a a 30 
4 co v cos ' 
i o v + 
I a 
2 oo 3k 
cos 6 — 
i a a 36 
3k 
a s i n 6 9<j> 
v = 
2 co cos 8 
i a a 38 
1 3k 
a s i n 8 3<f> 
1 0 " + 
4 co cos ' 
1 o 
v = 
o Q 3 k 
2 CO C O S 0 T 7 T 
i a 3k 
s i n 0 3c}) 




4 a co2 ( f 2 - c o s 2 0 
i cos 0 3 1 
L f 38 s i n 8 3<f) J 




( A - 3 3 ) 
Then u becomes 
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2 co cos 
u 
4 a co2 ( f 2 - c o s 2 9 ) 
i cos 6 3 1 3 
f 39 s i n 0 3<f> 
3 k 
i a a 3(f) 
4 a co2 ( f 2 - c o s 2 9 ) 
2 i cos ' 4 a co2 (f - cos 9 ) 3 k 
i a a 3 9 
o c o t 6 3 k 
f 3<f> 
u = 2 2 
4 a co2 (f - cos 9 ) 
4 i u ) 2 cos 9 4 a co2 a 2 
l a a 4u) 2 
4 a co co s ' 
i a a 
3 k
 + q c o t 9 3 k 
3 9 3<}> 
4 a co2 ( f 2 - c o s 2 9 ) 
3
 + cot 9 3_ k ( A - 3 4 ) 
39 3<f> 
By t h e s u b s t i t u t i o n of A - 3 1 and A - 3 3 i n t o A - 3 0 , we g e t 
a s i n 9 
2 2 
a s in 9 39 U a co2 (f - cos 9 ) 39 f 34> 




4 a co2 ( f 2 - c o s 2 9 ) 
I cos 3 







1 o 1 3 
2 2 
4 a oj i s i n 0 38 




i f s i n 8 f - cos 
3 2 k 
+ 
303<j> i f s i n 
s i n 8 3k 
2 2 
f - cos 8 3 d> 
cos 8 (2 cos 8 s i n 8) 3k \ i 
2 2 2 / ( f - cos 8) 3c}>/ f s i n 
cos 8 
. 2 2 
f - cos 
3 2 k 
8 363<j> 
2 
s m 8 
1 3 2 k 
2 2 





/ 2 2 4 a OJ 
F(k) ( A - 3 4 ) 
where 
F = i a s i n 9 
s i n 8 
2 2 
38 \ f - cos 
3 
38 
2 2 \ 
, i f + cos 8 3 1 3 2 | ^ A o t - \ 
+ _ - — I - —z 5 — — + o — — ) ( A - 3 5 ) 
f - cos 6 \ f f - cos 0 3<j> s i n 8 3<j) 2/ 
3w 
Now t o e v a l u a t e the q u a n t i t y - r — , l e t us s u b s t i t u t e the c o n t i n -
o Z 
u i t y e q u a t i o n A - 3 0 i n t o e q u a t i o n A - 2 3 . 
R D T
 TJ I T 
-Tr = - g H X + J M ( y - l ) dt 
f - cos 8 38 
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By e q u a t i o n A - 2 9 , t h i s becomes 
M ( Y - 1 ) 
3T 3 (6T) 
3 t = - s H X + J 





3T Mg 3H 
o _ _ 
3z ~ R 3z ( A - 3 6 ) 
R 
M ( Y - 1 ) 
w M o 3H 
R 3z 
+ i 0 6 T = - g H x + J 
w g 3H R 
K Y ^ Z MKY 
i a 6 T = - g H x + J 
where 
Y - 1 
K = 
c - c 
_2 Y_ 
For dry a i r , K = y . 
i a 6 T = 
K M 
__ 
Y J - g Y H x -
w g 3H' 
K 3 7 
( A - 3 7 ) 
By s u b s t i t u t i n g e q u a t i o n A - 3 0 i n t o A - 2 4 , we g e t 
dp 
-rr = Y g H ( - p Y ) + (Y - 1 ) P J 
a t o o 
From e q u a t i o n A - 2 7 , we g e t 
+ 4 r ^ - - - Y g P H
 X + ( Y - 1 ) P J w g p o • at 
i a 6 p = w g p Q - Y g P Q H x + ( Y - 1 ) P Q J 
8 ( 6 p ) 9w dp 
1 a
 - I F " = 8 7 8 p o + W g a i 2 - " Y g 
- Y g P 0 r r x - Y g P 0 H ^ 
+ ( Y - 1 ) ~ J + ( Y - 1 ) P. A J 
8z v ~' H o 8z 
From e q u a t i o n A - 2 
g P Q H 
1 2 1 
3p 3J 
+ ( Y - i ) ^ j + ( Y - i ) P q _ 
By the use of e q u a t i o n s A - l and A - 1 4 , we g e t 
3ft 3w 3p 
i a g 6p - i a p Q — = — g p Q + w g ^ + g P Q T I 
9X 3 ( p n J ) 
- Y g P Q H _ + ( Y - l > — g _ ( A - 4 0 ) 
By combining the c o n t i n u i t y e q u a t i o n A - 3 0 and e q u a t i o n A - 2 8 , we 
g e t 
dp 3p 
dT = " p o x = w T T + 1 ° 6 p 
3p p i o 
r ~ - = - ~ ° - X - 6p ( A - 4 1 ) 
3z w w 
A f t e r s u b s t i t u t i o n of A - 4 0 , we g e t from e q u a t i o n A - 3 9 
3ft 3w 
i a g 6p - i a p o — • = — g p Q - i a g 6p - g p Q X 
3X 3(p J) 
+ g P 0 Y X " Y 8 P Q H — + ( y - l ) — £ 
3w 3X Y - 1 3(p J) i a 3ft 
_ =
 Y H - - (y-l) X " — — I ; r 37 ( A - 4 2 ) 
From e q u a t i o n A - 3 9 , we g e t 
122 
3p. i ap p an* 
r o o 








— + fi 
P_ 
a k a 6p af i 
a7 = "az (~p~~^ + Jz 
0 




1 o w g - y g H x + ( Y - 1 ) J 
a 6p 
dz p~~ 
l a w 8H 3X a j 
I T a J 8 - Y g a 7 X - Y g H ^ r + ( Y - D t t 
So 
a k 
T z ~ i a 
l a w a H a x a j 
z j ; - y g x ~ - y § H — + ( y - D t t a z a z a z 
afi 
a z 
With the s u b s t i t u t i o n o f e q u a t i o n A - 4 2 , we g e t 
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1 3X ( y - l ) 3(p J) 
Y H — - g ( Y - D X " — 
a z 
aft 8H 3X 
-
i a a 7 - ^ x - a 7 - ^ H a 7 





" a l = -
 K








 a T 
< a j 
+
 g a i" 
/ 9H\ K J 3p 
By s u b s t i t u t i o n o f e q u a t i o n A - 4 3 , we g e t 
i a a k / 3 H \ K J / 8H 
— 1 7 " -[« + x + 1 + ^ ] ( A - 4 4 ) 
By d i f f e r e n t i a t i n g e q u a t i o n A - 3 4 , we g e t 
a X 3 2 w i a / 3k 
a z 3 z 2 4 a 2 co2 V a z 
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3 2w 8X ia / 8 k \ 
— 2 = — " F ( — ) (A-45) 
3z 3z 4 a 2 a ) 2 \ 3 z / 
Also d i f ferent ia t ing equation A - 4 2 , we get 
3 2w 3 2 X 3H 3 x 3X 
= y H + y — — - ( y - D — 
3 z 2 3 z 2 3z 3z 3z 
( Y - 1 ) 3 2 ( p o J) ( Y - D 3P 0 3(PQJ) 
gPQ 3z gPQ 9z 3z 
i a 32ft 
g 3 z 2 
(A-46) 
Now, the term | — 7 - i s very small and can be neglected. 
g d z 
Then i f A-45 and A-46 are equated, we get 
SX ia
 F / 3 k N \ R ^ X + 9 H 8 X 8 X 
3z 4 a 2 a ) 2 \ 3 z / 3 z 2 3z 3z 3z 
3 X ( Y - D 3 2 ( P 0 J ) Y - 1 9P 0 9(P Q J) 
3z gp Q 3 z 2 g p z 3z 3z 
y R 8 2 X / 3 H \ 3X Y - 1 9 2J 2 ( Y - D 9p Q 3J 
3 z 2 \ 3 z / 3z g 3 z 2 g p Q 3z 3z 
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( Y - l ) J 3 2 P ( Y - D apQ aj 
gp, A Z - g P. A Z A Z 
( Y - D J apQ apQ G Y / I A 3 K \ 
F( = 0 
gP, A Z A Z 4 a 2 CO 2 \ G Y 3 Z , 
Y - 1 
D i v i d e by Y and s u b s t i t u t e K = J—— i n t o t h i s e q u a t i o n and we 
have 
3 2 X / 3 H \ 3 X K 
H + 1 




, 3 Z 
J A 2 P 
J 3 P 3 P 1 3 P A J O O ^_
 R 0 
p 2 3 Z 3 Z p 3 Z 3 Z 
4 a 2 oo2 V g Y 3 Z 
{ l a 3 K \ 
Fl — = 0 ( A - 4 7 ) 
Now n o t e t h a t 
J 3 2 P J 3 P 3 P 1 3 P 3 J O _ O O
 + _ o 
P 3 Z 2 P O 2 3 Z 3 Z P 3 Z 3 Z 
O 0 
By s u b s t i t u t i o n of t h i s and e q u a t i o n A - 4 4 i n t o A - 4 7 , we g e t 
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3 2 X 
H + 
3 z 2 
3H \ 3X K 3 3J 1 
- 1 ) — - - — 
3z / 3z g 3z _ 3 z H 
3H 
3z 




K J / 3 ^ 
X - — 1 + — 
gH \ 3 Z / 
= 0 ( A - 4 8 ) 
S e r i e s Expansion 
Equat ion A-48 i s a p a r t i a l d i f f e r e n t i a l e q u a t i o n f o r x and can 
be s o l v e d by the method of s e p a r a t i o n o f v a r i a b l e s . We can expand x 
and J i n terms of the e i g e n f u n c t i o n s ^ N ( 0 , 4 > ) of t h e o p e r a t o r F. 




 I J n ( 2 ) e ± 0 t ( A " " 4 9 ) 
n 
Then e q u a t i o n A-48 becomes 
n 3 z 2 \ 3 z / 3z 
K 3 
g 3z 
3J 1 / 3 H \ 
3z H \ 3 z / n 










J n ( z ) tp n (0 ,<J>) e 
i a t 
= 0 
Now t h e f u n c t i o n s (0,^>) form a comple te s e t o f o r t h o g o n a l 
f u n c t i o n s , so t h i s e q u a t i o n must a l s o be t r u e f o r e v e r y n . D i v i d e by 
i p n ( 0 , < J > ) e i a t and group t e r m s . 
d^X / 3 H \ 3 X n 
d z 2 \ d z J dz 
' 3 H \ F ( t p n ) 
< + — X , 
3z \b 4 a 2 to2 
n 
K 1 3 
g 9z 
3J 1 / 3H 
—H. - - f i + -
3z H 3z n 
g 1 
4 a 2 co2 H 
3H \ F ( i p ) 
1 + — 1 J ~ 
n 3z 
n 
Now we know t h a t 
FO/, ) = c ip 
n n 
where c i s a c o n s t a n t . D e f i n e a c o n s t a n t — such t h a t 
h 
4 a 2 co2 
F « , n ) = j , 
g h 
n 
( A - 5 0 ) 
L a t e r i t w i l l be shown t h a t h n are e q u i v a l e n t d e p t h s . Then 
1 2 8 
1 + 
H \ j a 
_ + _ 





1 / a H 
— f l + — i j 
H 3z n } ( A - 5 1 ) 
By combining e q u a t i o n s A - 4 2 and A - 4 3 , we g e t 
3w 3X y - 1 9J 
— =
 Y H — - Y X + X — ' 
3z a z g 3z g p 
( Y - D J 
a z 
i a afi 
g a z 
3w 8 X y - 1 3 J ( Y - D J / 3H \ 
— = y H —- - Y X + X — — + ( 1 + — ) 
3z 3z g 3z g H \ 3z / 
i a 3fi 
g 3z 
So e q u a t i o n A - 3 4 becomes 
3X Y " 1 3 J (y-l)J I 3H 
X - Y H — + Y X - X + - ( 1 + — 
3z g 3 z g H \ a z 
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i a 3ft i a / 6 p 
— = F I — + ft 
g 3z 4 a 2 OJ 2 \ p 
( A - 5 2 ) 
Now assume t h a t the f o l l o w i n g terms can be expanded i n terms of 
t h e e i g e n f u n c t i o n s o f F as 
u = I u n ( z ) * n ( 6 , ^ ) e 
n 
i a t ( A - 5 3 ) 
n 
i a t ( A - 5 4 ) 
w = I w n ( z ) ^ (6,4>)e 
n 
i a t 
( A - 5 5 ) 
6 P = I 6 p n ( z ) * n ( e , * ) . 
n 
i a t ( A - 5 6 ) 
6T = I 6 T n ( z ) ^ n ( 6 , . 
n 
i a t ( A - 5 7 ) 
ft = £ ftn(z) * n (e ,4>)< 
n 
i a t ( A - 5 8 ) 
S u b s t i t u t e e q u a t i o n s A - 5 3 t h r u A - 5 8 i n t o A - 5 2 and remember t h a t 
ip n(e,cf>) i s a s e t o f o r t h o g o n a l f u n c t i o n s and thus t h e e q u a t i o n must be 
t r u e f o r every v a l u e of n . 
3 X „ Y - 1 3J ( Y - D J / 3H' 
- Y H — + Y X _ + ~ E 1 + — 
3z g 3z g H \ 3 z , 
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i a t 
i a 
4 a2 co2 
'6p 
n 
L A P 0 
+ fi ] ii; 
n / n 




+ fi M 
u ' o 
6P 
n 
4 a2 co2 




So from e q u a t i o n A - 5 9 
6p v g h / 3 Y K 3J K 
P 0 l a \ 3z g 3z g H 
K J 3H i a 3fi \ 
+ _ £ _
 + H ) 
g H 3z g Y 3z / 
3fi h fi 
S i n c e the term — — i s o f t h e o r d e r —-—2. < < ft then i t w i l l 
3z 
be n e g l e c t e d i n comparison w i t h ft . A l s o n o t e t h a t 
3 \ / K J \ 3 X K J 
H _ - 1 ( x - - * ) - H - i - x + 
3z y \ n g H/ 3 Z N g H 
1 3 1 
K A J K J 3H 
_ n
 + n 
g 3z g H 3z 
So 
n~ , 
p i o 
o 3 Z A " 7 7 " 
( A - 6 0 ) 
we g e t 
When e q u a t i o n s A - 5 3 t h r u A - 5 8 a r e combined w i t h e q u a t i o n A - 3 8 , 
g Y / P Q K P Q 
6p = j — w - p H Y + J 
*n . I n K o A n n 
i a V Y g 
Then e q u a t i o n A - 6 0 becomes 
I C J \ 8 / i a \ 3z / \ g i 
i a 3 K J 
W = Y H x - — J - — ft + Y n H - 1 x " 
n A n n n n \ / \ n 















i a K J 
W 
n 
ft + Y H h — + H - h f x -
n 1 V n . n / \ A n 
g \ 8z J \ g H 
( A - 6 1 ) 
By s u b s t i t u t i o n o f e q u a t i o n s A - 5 3 t h r u A - 5 8 i n t o e q u a t i o n A - 3 2 , 
we g e t 
i a 
n n 4 a co2 ( f 2 - c o s 2 9) 
i cos 6 8 1 8 





+ ft } \b 
n / r n 
or c o n s i d e r i n g v n as an o p e r a t o r , we have 
i a 
v 
n 4 a co2 ( f 2 - c o s 2 6 ) \ ^ p 
/ 6p \ / i cos 
— + ft 6 8 + 
86 
s i n 9 8(f)y 
With t h e h e l p o f e q u a t i o n A - 6 0 , t h i s becomes 
i a Y g h 
n 
n 




H - - 1 ) f X n - n 
g H / J 
i cos 0 8 1 d \ 
f 86 s i n 0 8cf) J 
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Y g h 
n 
n 4 a u)2 ( f 2 - c o s 2 6) 
K J 
H 1
 J ( x n " — 
i cos 6 8 1 8 
, f 86 s i n 6 3<j> 
( A - 6 2 ) 
By s u b s t i t u t i o n of e q u a t i o n s A - 5 3 thru A - 5 8 i n t o e q u a t i o n A - 3 4 , 
we g e t 
u \p 
n n 
/ 8 c o t 6 8 
f i — + -
4 a a ) 2 ( f 2 - c o s 2 6 ) \ 36 f 3$ 
6 p 
n 
+ ft n / n 
u 
n 4 a co2 ( f 2 - c o s 2 6 ) \ 
te + ft i — + 
c o t 0 8 
f 34> 
( A - 6 3 ) 
By s u b s t i t u t i o n o f e q u a t i o n s A - 5 3 thru A - 5 8 i n t o e q u a t i o n A - 3 7 , 
we g e t 
KM g 3H 
n r n . _ I 1 n r n 6 ' A n r n _ n r n 




i a R 
8 3 H 
Y J R - g Y H x n " ~ — w K 8 z n 
( A - 6 4 ) 
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T r a n s f o r m a t i o n t o S c a l e He ight C o r r e c t e d A l t i t u d e 
Thus e q u a t i o n s A - 6 0 , A - 6 1 , A - 6 2 , A - 6 3 and A - 6 4 g i v e t h e s o l u ­
t i o n s o f u , v , w , 6p , and 6T i n terms o f Y , 0 , J and t h e i r 
n ' n* n* r n * n A n n n 
d e r i v a t i v e s . These e q u a t i o n s can be s i m p l i f i e d by a t r a n s f o r m a t i o n t o 
s c a l e h e i g h t c o r r e c t e d a l t i t u d e s . D e f i n e the s c a l e h e i g h t c o r r e c t e d 
a l t i t u d e x as 
x = 
H ( 0 
( A - 6 5 ) 
D e f i n e v n ( x ) a s 
y n ( x ) e 
x / 2 < J n ( z ) 
g H ( z ) 
( A - 6 6 ) 
From e q u a t i o n s A - l and A - 2 
3P, 
dz 
= " g P 








In p Q ( x ) = - x + c o n s t a n t 
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where c o n s t a n t = In p ( o ) 
r o 
P ( x ) 
In = - x 
P 0 ( o ) 
P 0 ( x ) = p o ( 0 ) e _ X ( A - 6 7 ) 
S o l v i n g e q u a t i o n A - 6 6 f o r X n ( z ) a n d then d i f f e r e n t i a t i n g w i t h 
r e s p e c t t o z , we g e t 
3X 9y /o 3x 1 , 3 x K 3J 
n _ ; n
 e x / 2 + _ y e x / 2 + n 
3z 3x 3z 2 n 3z g H 3z 
K J 3H 
n 
g H 2 3z 





 / 0 1
 / 0 K 3J A n ^n x / 2 , x / 2 n 
_ e + y e + 
3z H 3x 2 H n g H 3z 
K J 3H 
n 





 + n _
 OJn ^x/2 
9 z 2 2 H 2 9x H 2 8x2 w2 ax 9z 
1
 / 0 1 9y / 0 1 / 0 9H 
x / 2 . •'n x / 2 x / 2 
+ y e + e y e — 
4 H 2 n 2 H 2 9x 2 H 2 n 9z 
K 9 2 J ic 9J 9H K J 9 2 
+ n _ n _ n H 
g H 9 z 2 g H 2 9z 9z g H 2 9 z 2 
K 9H 9J 2K J 9H 9H 
_ n
 + n 
g H 2 9z 9z g H 3 9z 9z 
When t h e l a s t two e q u a t i o n s a r e s u b s t i t u t e d i n t o the d i f f e r e n ­
t i a l e q u a t i o n A - 5 1 , we g e t 
1 y
 / 0 1 9 2 y / 0 1 9y / 0 9H 
_n
 g x / 2 + ; n e x / 2 _ n e x / 2 
2 H x H 9 x 2 H 9x 9z 
1
 / 0 1 9y / 0 1 / 0 9H 
x / 2 , •'n x / 2 x / 2 
+ y e + e - y e — 
4 H n 2 H 9 x 2 H n 9z 
K 9 2 J K 9J 9H K J 9 2 H 
+ n n n 
g 9 z 2 g H 9z 9z g H 9 z 2 
K 9H 9J 2 K J 9H 9H 1 9y .„ 9H 
n
 + n + •'n g x / 2 









K 3J 3H K J 
n n 
g H dz dz g H 
3H 3H 
2
 dz dz 
1 3y /o 1 
•'n x / 2 
H 3x 2 H 
y e 






g H dz g H' 
3H 
dz 
, x / 2 , n 
+ — y e + 
h n g h H 
n & n 
1
 / 0 3H K J 3H 
x / 2 , n 
— y e — + — 
h n dz g H h dz 
n & n 
K J K J 3H K 3 2 J K 3 J 
n
 + n + n n 
g H h g H h 3z g 3 z 2 g H 3z 
K J 
n 
3H 3H 3J 
n 
K J 3 Z H 
n 
g H 2 3z g H 3z 3z g H 
'
2 1 
3 z 2 
K J 3H 3H 
n 
g H 2 3z 3z 
The combining of l i k e terms g i v e s us 
3 2 7 / e x / 2 \ 
3 x 2 \ H / 
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H 3H 




x / 2 
H 
n 
g H h 
/ i \ - x / 2 




4 / 3H 
1 j KH + H — y n ( x ) -
g Y h n 
J n ( x ) e 
- x / 2 
But 
3H 3H 3x 1 3H 




4 / 3H 
1 ( KH + — 
h V 3x, 
n 
n Y g h J s x / 2 
n 
n 
( A - 6 8 ) 
T h i s i s t h e d i f f e r e n t i a l e q u a t i o n f o r x n i n terms of t h e new 
v a r i a b l e s . 
To t r a n s f o r m e q u a t i o n s A - 6 0 , A - 6 1 , A - 6 2 , A - 6 3 and A - 6 4 , n o t e 
t h a t 
3 3x 3 1 3 
3z 3z 3x H 3 x 
So e q u a t i o n A - 6 3 becomes 
u 
n 
Y g h / 3 y
 / 0 1 i n K 3J 
'
 &
 n / " x / 2 . x / 2 . n 
— f e + — y e + — 
4 a OJ 2 ( f 2 - c o s 2 9 ) \dx 2 n g 3z 
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< J 3H K 3J KJ 8H , 0 
n n
 + n ^ x l l 
g H 3z g 3z g H 3z n 
K J K J \ / 3 i cot 9 3 r 
- - a - ~ 4 
g H g H / \ 3 9 f 3<J> 
x / 2 
Y g h e / 3y 1 \ / d i cot 8 3 \ 
u . _ J L 1 ^ ( - I H - - y ( ) ( A _ 6 9 ) 
n
 4 a w 2 ( f 2 - c o s 2 9) \ 3x 2 n / \39 f 3(f) / 
From equation A-62 
i Y g h / 3y / o 1 /o K 3J b
 n / n x /2 , x /2 , n 
v = — ..—-—*— I — e + — y e + — 
n
 4 a w 2 ( f 2 - c o s 2 9) \ 3 x 2 n g 3z 
K J 3H K 3J KJ 3H , 0 
n n
 + n ^ e 
g H 3z g 3z g H 3z n 
K J KJ \ /cos 9 3 
_ S + - E H — 
g H g H/ \ f 39 s in 9 30 
i Y g h n e X / 2 / 3 y n 1 ^ ^cos 9 3 
4 a co2 ( f 2 - c o s 2 6) \ 3 x 2 / \ f 39 s in 6 3<J> / 
(A-70) 
From equation A-61 
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I A / 3y
 / 0 h ; o h K 3J 
o . n x / 2 , n x / 2 , n n 
w = - — ft + Y h e + — y e + 
g V 3x 2 g 3z 
h K J 3H h K 3J K J 3H 
n n n n
 + n 
g H 3z g H 3z g 3z 
,
 T T x / 2 , KJ K J 
+ H y e + n n , x / 2 
JXi - — — - h y e 
n
 J n 
g g 
h K J h K J 
n n n n 
g H g H 
1 A x / 2 
w 
n 
ft + Y h e 
n n 




- J Y 
n 
( A - 7 1 ) 
From e q u a t i o n A - 6 0 , we have 
6p 
n 
Y h p 
n _ o 
i a H 
3 \ / K J \ p ft 
H - - i ) (x -
3z / \ g H / g H 
From the d e r i v a t i o n of e q u a t i o n s A - 6 0 and w i t h t h e use of equa« 
t i o n A - 6 6 , we g e t 
Y h p / 3y
 / 0 1 / 0 \ p ft 
' n *o /
 J n x / 2 x / 2 \ *o n 
6p = ~ e - — y e -
n
 i A H V 3x 2 n /
 g H 
W i t h the use of e q u a t i o n A - 6 7 , we have 





. J l e " x + —J2L e " x / 2 ( --2. 
g i o * V
 9 x 
- - y. 
n 
( A - 7 2 ) 




i o R 
Y J n - gY H X,, 
g M 3H 





Y J n - g Y H y n e X / 2 - Y < J n 
g M 3H 




- — J 
i a R n 
ic M g y H_ 
i a R 
y n 6 ' 
x / 2 g M 3H 
i
 a R H 3x 
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( A - 7 3 ) 
Note t h a t i f f •- 1 , i . e . f o r o s c i l l a t i o n s w i t h l o n g e r than a 
12 hour p e r i o d , e q u a t i o n s A - 6 9 and A - 7 0 have z e r o s i n t h e denominator 
f o r c e r t a i n v a l u e s o f 6 . However i t was shown by B r i l l o u i n i n 1 9 3 2 
t h a t t h e numerators d i s a p p e a r f o r t h e s e v a l u e s of 6 and t h a t no s i n g u ­
l a r i t i e s a r e p r e s e n t . 
Thus t h e formal development of the theory i s f i n i s h e d w i t h 
e q u a t i o n s A - 6 9 , A - 7 0 , A - 7 1 , A - 7 2 and A - 7 3 . In o r d e r to examine the 
t i d a l o s c i l l a t i o n s f u r t h e r , we must know the form of t h e f u n c t i o n s H, 
ft and J . In a d d i t i o n , the d i f f e r e n t i a l e q u a t i o n s A - 5 0 and A - 6 8 must 
be s o l v e d under c e r t a i n boundary c o n d i t i o n s . In g e n e r a l , t h i s cannot 
be done . However, w i t h the h e l p o f some v e r y s i m p l y i n g a s s u m p t i o n s , 
some o f the more g e n e r a l mot ion o f t h e atmosphere can be o b t a i n e d . 
The boundary c o n d i t i o n s which a r e imposed on t h e s o l u t i o n s of 
e q u a t i o n A - 6 8 a r e d i s c u s s e d i n d e t a i l i n Chapter I I and w i l l not be 
r e i t e r a t e d h e r e . 
E i g e n v a l u e C a l c u l a t i o n f o r I s o t h e r m a l Atmosphere 
For an example , l e t us c a l c u l a t e the e i g e n v a l u e s of a f r e e 
i s o t h e r m a l atmosphere and a f r e e atmosphere i n a d i a b a t i c e q u i l i b r i u m . 
To c o n s i d e r the c o n d i t i o n s f o r f r e e o s c i l l a t i o n s o f the a t m o s p h e r e , we 
must f i r s t s e t the e x c i t i n g f o r c e s J and fi e q u a l t o z e r o . Then t h e 
n n 




- - y 
3x n 
( A - 7 4 ) 
n 
x = 0 
Now t h e o n l y unknown f u n c t i o n i n e q u a t i o n A - 6 8 i s H ( x ) . For an 
i s o t h e r m a l atmosphere H(x) i s c o n s t a n t or 
H(x ) = H ( 0 ) ( A - 7 5 ) 
When t h i s i s s u b s t i t u t e d i n t o e q u a t i o n A - 6 8 , we g e t 
a 2 y 
n 
3x' 




( A - 7 6 ) 
For h n > 4 ic H ( 0 ) , s o l u t i o n s o f t h i s w i l l be 
y n ( x ) A exp 
n * 
x / 4 K H ( 0 ) \ 1 / 2 
h J n ' 
+ exp 
x 4 K H ( 0 ) 
1 / 2 H 
1 -
n 
By t h e boundary c o n d i t i o n f o r l a r g e x which i s d i s c u s s e d i n 
Chapter I I , t h i s becomes 
y ( x ) = A exp 
x / 4 K H ( 0 ) 
1
 s 
2 V h \ n 
1/2 n 
By s u b s t i t u t i o n of t h i s i n t o the lower boundary c o n d i t i o n A - 7 4 , 
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we g e t 
1 / 2 f
 1 / 4 K H ( 0 ) Y F C H ( 0 ) 
1 - _ ) y ( X ) + y ( X ) 
L 2 h J n " ' h ' n 
n / n 
= 0 
x = 0 
- 1 R 
4 K H ( 0 ) 1 / 2 1 H ( 0 ) 
- - + — = 0 
2 h 
n 
1 K H ( 0 ) H 2 ( 0 ) H ( 0 ) 1 
mm ^ — "/V *N 
4 h h 2 h 4 
n n n 
h n H ( 0 ) - K H ( 0 ) j = H 2 ( 0 ) 
Y H 2 ( 0 ) 
Y H ( 0 ) - Y H ( 0 ) + H ( 0 ) 
h n = Y H ( 0 ) ( A - 7 7 ) 
T h i s i s t h e e i g e n v a l u e t h a t L a p l a c e o b t a i n e d f o r the c a s e where 
Y was s e t e q u a l t o one . 
1 4 5 
E i g e n v a l u e C a l c u l a t i o n f o r Atmosphere i n A d i a b a t i c E q u i l i b r i u m 
P~ VP. 
c P 0 
where y = —*- and — — i s a c o n s t a n t . 
c p 1 
v
 K o 
( A - 7 8 ) 
I f e q u a t i o n A - 7 8 i s expanded and o n l y f i r s t o r d e r terms are 
k e p t , then we g e t 
P P C + <$p 5p 
= 1 + — 
P P P 
*o *o *< 
P v Y / p o + ( S p x r 6p 
1 +
 Y — 
p o / \ p o / p 
or 
op = y — <Sp 
p o 
But from e q u a t i o n A - 2 , we g e t 
For the c a s e o f a d i a b a t i c e q u i l i b r i u m , the d e n s i t y and p r e s s u r e 
are connec ted by a power law which i s v a l i d f o r bo th the d i s t u r b e d and 
u n d i s t u r b e d a tmosphere . 
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6 P = Y G H 6 P ( A - 7 9 ) 
Now we know 
p 
- ° — = c o n s t a n t ( A - 8 0 ) 
or 
G H 
= c o n s t a n t 
Y - 1 
P . 
3 H G H ( Y - l ) 3 P O 
= 0 
Y - l 3 X Y - 2 3 X 
P P 
3 H 3 P 
— = ( Y - l ) H p -
3 X 0 3 X 
o 
However from e q u a t i o n A - 8 0 
p Y 3 X p y " 1 3 X 
O 0 
3 P 1 3 P J_o_
 =
 K o 
0
 3 X Y p o 3 X 
W i t h the h e l p of e q u a t i o n A - 6 7 , t h i s becomes 
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Y - 1 
H = - K H 
Zn H = - K x + c o n s t a n t 
But a t x = 0 , In H ( 0 ) = c o n s t a n t 
so 
H ( x ) = H ( 0 ) e - K X ( A - 8 1 ) 
When t h i s e q u a t i o n i s s u b s t i t u t e d i n t o e q u a t i o n A - 6 8 , we g e t 
3 2 y 
n 
dx' 
4 K H ( x ) 4K 
1 - . + _ ~ H ( X ) 
n 
or 
8 2 y 1 
- I E . - y = 0 
3 x 2 4 n 
( A - 8 2 ) 
S o l u t i o n s o f t h i s e q u a t i o n a r e 
y n ( x ) 
_ 1 l 
—
 ~fy X ~n X 
A e + B e 
n n 
A g a i n , the upper boundary c o n d i t i o n f o r c e s B^ = 0 . So when y n ( x ) I s 
s u b s t i t u t e d i n t o e q u a t i o n A - 7 4 t o t a k e account o f t h e lower boundary 
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c o n d i t i o n , we g e t 
H(x) 
- y ( x ) + 
2 n V h 
n 
= 0 






- - = 0 
2 
h = H(o ) ( A - 8 3 ) 
n 
Th i s i s t h e c o n d i t i o n which Lamb ( 1 9 2 4 ) d e r i v e d . 
D e r i v a t i o n o f L a p l a c e ' s T i d a l Equat ion 
Oceanic T i d e s 
The e q u a t i o n A - 5 0 f i r s t appeared i n L a p l a c e ' s t h e o r y of o c e a n i c 
t i d e s . I t i s r a t h e r easy t o d e r i v e i t f o r t i d e s i n a homogeneous o c e a n . 
For t h i s p u r p o s e , we must assume an i n c o m p r e s s i b l e f l u i d and t h a t t h e 
d e n s i t y i s c o n s t a n t , i . e . p = = c o n s t a n t . Let z = 0 be the s u r f a c e 
of t h e e a r t h and z = h be t h e s u r f a c e of t h e u n d i s t u r b e d o c e a n . Le t 
v a r i a t i o n s of t h e s u r f a c e e l e v a t i o n s be denoted by £ ( 6 » < | > , t ) . Then 
z = h + C i s t h e s u r f a c e of the d i s t u r b e d ocean . Then t h e v a r i a t i o n 
i n t h e d e n s i t y can be r e p r e s e n t e d by 
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6 P = 
i f z > h + ? 
i f z < h + C 
( A - 8 4 ) 
and 
1 
6 P d z ' , z > h + £ ( A - 8 5 ) 
Now assuming t h a t the v a r i a t i o n of ft w i t h r e s p e c t t o z i s v e r y 
s m a l l , we g e t from e q u a t i o n A - 1 4 
( 6 p ) = - g 6 P 
dz 
or 
d ( 6 p ) = - J g 6 P dz 
o o 
6 p ( C ) - <Sp(0) = - g p Q ? 
Assume t h a t 6 p ( ^ ) = 0 , i . e . f r e e s u r f a c e . 
6p 
— = g C ( A - 8 6 ) 
P . 
By c o n s i d e r a t i o n of e q u a t i o n A - 8 6 and the f a c t t h a t ft depends 
o n l y on t; now, then e q u a t i o n s A - 1 2 and A - 1 3 t e l l us t h a t u and v do not 
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depend on z . A l s o from the c o n t i n u i t y e q u a t i o n A - 3 0 , we have 
dp 




X = 0 ( A - 8 7 ) 
Assume t h a t t h e t ime dependence of £ i s exp ( i a t ) where a i s the 
f requency of t h e o s c i l l a t i o n . Then by us ing e q u a t i o n A - 8 7 and the f a c t 
3 C 
t h a t w ( o ) = 0 and w ( c ) = -rr = i a c , we can i n t e g r a t e e q u a t i o n 
a t 
A - 3 1 t o g e t 




(u s i n 0 ) + 
h + ^ 
3v 
a s i n 6 3< 
dz 
a s i n 0 3<f) 
w(h + c ) + (u s i n 0) + 
3v 
a s i n 0 3 0 a s i n 0 31 
(h + C ) = 0 
But 
3 3 C 
w(h + O = — (h + O = — = i a t 
3 t 3 t 
1 5 1 
So 
h 3 h 3v 
- — - — (u s i n 9 ) + -—- — + i a t = 0 ( A - 8 8 ) 
a s i n 6 36 a s i n 0 3<}> 
Now d e f i n e the s u r f a c e e l e v a t i o n of the e q u i l i b r i u m t i d e as 
ft 
I = ( A - 8 9 ) 
g 
By s u b s t i t u t i n g e q u a t i o n s A - 3 2 , A - 3 4 , A - 8 6 and A - 8 9 i n t o e q u a t i o n 
A - 8 8 , we g e t 
4 a 2 co2 
F ( c - I) + 5 = 0 ( A - 9 0 ) 
g h 
where F i s d e f i n e d by e q u a t i o n A - 3 5 . 
T h i s e q u a t i o n i s the fundamental e q u a t i o n of f r e e and f o r c e d 
t i d a l o s c i l l a t i o n s of a homogeneous ocean c o v e r i n g t h e whole e a r t h a t 
a uni form depth o f h . The e f f e c t of mutual a t t r a c t i o n of the d i s t u r b e d 
m a s s e s , which i s a p p r e c i a b l e f o r an ocean of w a t e r , i s no t c o n s i d e r e d 
h e r e . 
Atmospher i c T i d e s 
I f we assume a f r e e o c e a n i c o s c i l l a t i o n ( c = 0 ) and expand £ i n 
terms o f t h e e i g e n f u n c t i o n s ip (6,<J>) then e q u a t i o n A - 9 0 becomes i d e n t i c a l 
t o e q u a t i o n A - 5 0 i f h = h . Hence t h i s i s the r e a s o n t h e s e p a r a t i o n 
c o n s t a n t h n i s c a l l e d the " e q u i v a l e n t d e p t h , " 
Now l e t us de termine t h e e i g e n f u n c t i o n s ij; ( 6 , $ ) i n the c a s e of 
a n o n r o t a t i n g e a r t h . From e q u a t i o n A - 5 0 
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F O ) 4 a 2 
2 - + 4, = o 
,2 * n o r 8 h 
n 
W i t h t h e h e l p o f e q u a t i o n s A - 3 0 and A - 3 1 , t h i s becomes 
s i n 0 
s i n 0 8 0 n 
- u ) 2 c o s 2 0 8 0 
+ 
oo 2 c o s 2 
i 2 0 u ~ 2 c o 3 c o s : 
- 0)^ COS^1 
3 1 
+ 





i> = o 
n 
Now s e t t i n g oa = 0 , we have 
a 2 s i n 0 3 0 
s i n 
3 0 
4> + — I J \i> 
a 2 \ s i n 2 0 3 d ) 2 / n 
4 a 2 
g h 
n 
\J> = 0 
r n 
or 




s i n 
n 
3 2 l | ; 
n 
a 2 a 2 
+ 
3 0 s i n 2 0 3(f)2 g h 
lL = 0 
r n 
n 
( A - 9 1 ) 
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T h i s i s t h e w e l l known s p h e r i c a l harmonics e q u a t i o n and we know 
s o l u t i o n s f o r i t e x i s t o n l y i f 
a 2 o 2 
n ( n + 1) n = 1 , 2 , 3 . . . 
so 
a 2 a 2 
h = — n = 1 , 2 , 3 . . . ( A - 9 2 ) 
n
 n (n + 1 ) g 
Equat ion A - 9 2 t e l l s us t h a t a f o r c e d o s c i l l a t i o n of f requency a 
w i l l have many e q u i v a l e n t depths h^, 
E i g e n f u n c t i o n s f o r N o n - r o t a t i n g Earth 
The s o l u t i o n of e q u a t i o n A - 9 1 then becomes 
^ N (6 ,< f>) = ( 6 ) e 1 s * ( A - 9 3 ) 
where s i s an i n t e g e r and - n < s < n . The P ( 6 ) a r e t h e A s s o c i a t e d 
— — n 
Legendre P o l y n o m i a l s . 
Hence , f o r each h t h e r e are 2n + 1 d i f f e r e n t f u n c t i o n s . T h i s 
' n 
i s due t o t h e f a c t t h a t f o r the n o n - r o t a t i n g e a r t h , h^ i s independent 
o f t h e parameter s . The n o d a l l i n e s o f e q u a t i o n A - 9 3 on a sphere c o n ­
s i s t of 2s m e r i d i a n s and n - s p a r a l l e l s o f t h e c o l a l i t u d e . I f s > 0 
then t h e wave i s t r a v e l i n g westward. I f s < 0 then the wave i s 
t r a v e l i n g e a s t w a r d . A s t a n d i n g z o n a l o s c i l l a t i o n i s g i v e n by s = 0 . 
E i g e n f u n c t i o n s f o r R o t a t i n g Earth 
Now l e t us c o n s i d e r the s o l u t i o n s of e q u a t i o n A - 9 1 f o r t h e c a s e 
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of a r o t a t i n g e a r t h . Equat ion A - 9 3 w i l l no l o n g e r be s u f f i c i e n t . 
Hough [ 1 8 9 8 ] was the f i r s t t o s o l v e t h i s problem. He deve loped a new 
s e t of o r t h o g o n a l s p h e r i c a l f u n c t i o n s which a r e denoted as 0^  (0) and 
A, n 
a r e c a l l e d t h e Hough F u n c t i o n s . I t i s g e n e r a l l y assumed t h a t t h e s e 
f u n c t i o n s a r e comple te but Hough showed t h a t f o r A = 1 and s = 1 , the 
Legendre P o l y n o m i a l (0) i s o r t h o g o n a l to each member o f 0^
 n ( 6 ) • 
The consequences of t h i s were c o n s i d e r e d by Lindzen [ 1 9 6 5 ] and w i l l be 
shown l a t e r i n t h i s a p p e n d i x . For the moment l e t us assume t h a t the 
Hough Func t ions a r e c o m p l e t e . Then t h e s o l u t i o n of e q u a t i o n A - 9 1 which 
was found by Hough i s 
* (8,<fr) = 0 * (0) e ± s * ( A - 9 4 ) 
n A , n 
Both a and A denote t h e f r e q u e n c y of the f o r c e d o s c i l l a t i o n . 
The q u a n t i t y a i s measured i n u n i t s of s e c ^ and A i s i n commensurable 
p a r t s of t h e day . 
Now i f e q u a t i o n A - 9 4 i s s u b s t i t u t e d i n t o e q u a t i o n A - 5 0 , we have 
s i n 0 aof 
A ,n 
s i n 0 90 \ f 2 - c o s 2 0 9 0 
+ 
f 2 - COS' 
- S f 2 + COS' 
f f 2 - COS' 
-
 R 2 
A ,n 
s i n ' 
A ,n 
+ 
4 a 2 a) 2 
8 h 
0° = 0 A ,n 
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By making the s u b s t i t u t i o n u = cos 9 , we have 
1 - ^ 90^ \ 1 / s f 2 + y 2 s 2 \ 
1> n \_ / + ] 0 s 
f 2 - y 2 9 y f2 - y 2 Vf f2 - y 2 1 - y 2 J A ' n 
4 a 2 u)2 
g h A ' n B
 n 
Th i s e q u a t i o n i s L a p l a c e ' s T i d a l Equat ion f o r l o n g i t u d i n a l wave 
number s and r a d i a l f requency a. In o r d e r t o s o l v e t h i s e q u a t i o n , 
s p e c i f i c v a l u e s of f and s must be assumed. Then each f u n c t i o n 0 , r
 A ,n 
w i l l have one e q u i v a l e n t depth h^, i . e . h^ w i l l depend on the t h r e e 
v a r i a b l e s f ( o r A or a ) , s and n . S i n c e t h e o b s e r v e d phenomenon i s 
d e f i n e d on a s p h e r e , then t h e most advantageous way of r e p r e s e n t i n g 
t h e Hough Funct ions would p r o b a b l y be by a s e r i e s expans ion i n terms 
of the A s s o c i a t e d Legendre P o l y n o m i a l s . In g e n e r a l the e q u a t i o n A - 9 5 
i s s o l v e d by assuming 
Thus we have shown t h a t f o r ocean t i d e s , t h e Hough Func t ions 
( e q u a t i o n A - 9 6 ) de termine t h e l a t i t u d e dependence of the s u r f a c e 
e l e v a t i o n . For a tmospher i c t i d e s , e q u a t i o n A - 9 6 de termine t h e l a t i t u d e 
dependence o f the q u a n t i t y ( a c c o r d i n g t o e q u a t i o n A - 6 0 ) 
K J 
X„ - — 1 ( A - 9 7 ) 
g H 
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C o r r e c t i o n f o r I n c o m p l e t e n e s s of Hough Funct ions 
I t was ment ioned e a r l i e r t h a t f o r X = 1 (a = co) and s = 1 , the 
Hough Func t ions ©3" ( y ) were no t c o m p l e t e . So l e t us c o n s i d e r t h i s 
1 ,n 
s i t u a t i o n . S i n c e the Hough Funct ions are n o t comple te then e q u a t i o n 
A - 4 9 i s i n c o r r e c t i f ip (8,<{>) i s taken as ( y ) e * S ^ o n l y . We 
n x i n 
should have 
J = 
J ( z ) 
( y ) + I J n ( z ) 0 * _ ( y ) 
n 
l , n 
i ( o j t + <J>) 
( A - 9 8 ) 
Th i s i s p a r t i c u l a r l y important because i t i s found t h a t most o f 
asymmetry i n J i s accounted f o r by the term. Now l e t us concern 
o u r s e l v e s o n l y w i t h the f o l l o w i n g term 
i ( a j t +tf>) 
J ' = J ( z ) P^Cy) e ( A - 9 9 ) 
From e q u a t i o n s A - 1 2 , A - 1 3 , A - 1 4 , A - 3 0 and A - 2 4 , we have 
i 03 u - 2 OJ v cos 
1 8 
a 8 6 
6p 
P . 
( A - 1 0 0 ) 
i OJ v + 2 OJ u cos 
6p \ 
a s i n 8 8cf> V p 
( A - 1 0 1 ) 
8 ( 6 p ) 
8 z 
= - g <5 P ( A - 1 0 2 ) 
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9p o 
3 p Q / 9pQ 
i co 6p + w = Y g H ( i co 6p + w 
3z \ 3z 
+ ( y - 1 ) p J ( A - 1 0 4 ) 
From e q u a t i o n s A - 1 and A - 2 
1 3p 1 
r o _ _ 
p 3 H 
*o z 
Now i t i s advantageous t o make t h e t r a n s f o r m a t i o n s 
n" - -Jp~ u , v" = /p v , w* = /p w, 
O O 0 
6p" = - 6 p , 6p" = —^— 6p 
Then from e q u a t i o n s A - 9 9 and A - 1 0 0 , we have 
2 v ' 1 3 ( 6 p ' ) 
u' = cos 9 -
( A - 1 0 5 ) 
i a co 30 
2 u ' 1 3 ( 6 p ' ) 
cos 0 -
i a w s i n 9 34> 
i co 6p + w — - + p x - 0 ( A - 1 0 3 ) 
3 Z 
2 cos 6 
v" = 4 v" c o s 2 9 -
a co 36 
1 3 ( 6 p ' ) 
i a oo s i n 6 3<j> 
- 1 / 3 1 
v ' = 2 cos 6 — + 
a oo ( 1 - 4 c o s 2 6) V 36 s i n 
2 i cos 6 / 3 1 
u ' = I 2 cos 6 — + 
a oo ( 1 - 4 c o s 2 0) V 9 9 s i n 
i 3 
+ ( 6 p * ) 
a co 36 
1 / 3 \ 
u ' = — + 2 c o t 9 6 p ' 
a oo ( 1 - 4 c o s 2 6) \ . 3 9 / 
F o l l o w i n g Lindzen [ 1 9 6 5 ] , we l e t 
6 p ' = 6 p ( z ) ( 6 ) 
or 
6p" = 6 p ( z ) s i n 0 cos 6 
where n o r m a l i z a t i o n i s n e g l e c t e d . 
Then from e q u a t i o n s A - 1 0 7 and A - 1 0 8 , we have 
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w 1 9p 9w 
— — + = — x co op 
2 p 9z 
o 
9z 
9 1 / 9H 
9z 2 H \ 9z 
= - i co 6p ( A - 1 1 2 ) 
From e q u a t i o n s A - 1 0 1 and A - 4 3 , we have 
9(<5p') 6 p ' 9p 
^ 7 + — ~ 
9z 









1 + — 
9z 
6p* = - g 6 p ' 
Now we s e t 
6 p ' = <5p(z) s i n 0 cos ( A - 1 1 3 ) 
then 
9 
9z 2 H 
1
 + - 6 p ( z ) = - g 6 p ( z ) ( A - 1 1 4 ) 
Equat ion A - 1 1 2 r e q u i r e s t h a t 
w ' = w ( z ) s i n 0 cos ( A - 1 1 5 ) 
Then e q u a t i o n s A - 1 1 2 , A - 1 1 5 , and A - 1 1 4 can be combined to g i v e 
1 6 1 
g w ( z ) - i OJ 6 p ( z ) ) = 0 
S o l v i n g t h i s e q u a t i o n , we g e t 
g w ( z ) - i OJ 6 p ( z ) = A exp 
•-o 
Now 
( A - 1 1 6 ) 
n (1+ S) > 0 
T h e r e f o r e s i n c e t h e q u a n t i t y g w ( z ) - i OJ 6 p ( z ) must be bounded f o r 
l a r g e z , then A = 0 and 
i OJ 6 p ( z ) = g w ( z ) ( A - 1 1 7 ) 
But a t z = 0 then w = w ( z ) = 0 and hence 6 p ( z ) = 0 . Thus 
t h e p r e s s u r e o s c i l l a t i o n due t o t h e d i u r n a l term a t ground l e v e l i s 
z e r o . However t h i s does not mean t h a t t h e p r e s s u r e o s c i l l a t i o n due t o 
t h i s term i s z e r o f o r a l l z though. The q u a n t i t y which r e s u l t s from 
t h i s term and which i s z e r o throughout the atmosphere i s e q u a t i o n A - 9 7 
a s i s shown by Lindzen [ 1 9 6 5 ] . Then by u s i n g e q u a t i o n s A - 9 7 and A - l l l , 
we g e t 
8 
Bz 
w ( z ) 
Tr 
K J ( Z ) 
g H 
( A - 1 1 8 ) 
From e q u a t i o n A - 6 4 and by c o n s i d e r i n g the term w i t h t h e v e r t i c a l 
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v e l o c i t y as s m a l l , we have 
K M / 
6 T ' =
 Y J ' - g Y H X 
i co R V 
or 
K M / K J ( z ) 
6 T ( z ) = Y J ( z ) - g Y H 
i co R V g H 
K M 
6T(z) = J ( z ) ( A - 1 1 9 ) 
i co R 
where 
6T" = 6T(z) P * ( y ) ( A - 1 2 0 ) 
Thus when the d i u r n a l o s c i l l a t i o n i s c o n s i d e r e d , t h e above 
e q u a t i o n s f o r u ' , v " , w", 6p" and 6T" must be added to t h e e q u a t i o n s 
A - 6 9 t h r u A - 7 3 . 
Summary 
In c o n c l u d i n g Appendix A , l e t us group t h e f i n a l r e s u l t s t o g e t h e r . 
F i r s t , e q u a t i o n s A - 6 9 t h r u A - 7 3 a r e n o t i n t h e most d e s i r a b l e n o t a t i o n . 
For example , e q u a t i o n A - 6 9 use s u n as an o p e r a t o r . A more d e s i r a b l e 
s i t u a t i o n i s t o l e t u n now r e p r e s e n t u n e ^ n e " ^ Q t + s ^ . Making 




 (Hz - I
 y \(L 
4 a J ( f 2 - c o s 2 9 ) 2 ' ^ 9 
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i c o t 3 
3<f> 
A ,n 
i ( a t + s $ ) 
( A - 1 2 1 ) 
i Y e h e 
' n 
x / 2 
3y 1 \ / c o s 
n 
- - y . 
4 a u)2 ( f 2 - c o s 2 6) V 3x 2 7 \ f 
s i n 8 a<J> 
9? e 
A ,n 
i ( a t + s<j>) 
( A - 1 2 2 ) 
i a x / 2 
w = - — — ft + Y h e 
n n n 




i ( a t + s«j>) 
( A - 1 2 3 ) 
p o ( 0 ) ft yh / o / 8 y 
n - x , n - x / 2 / Jn 
— e + e I 
g i a \ 3x 
2 yn 
A ,n 
i ( a t + s(f>) 
( A - 1 2 4 ) 
M fi 9 H y g n /o 
6 T - L - £ e x / 2 
n
 R H 3x i a 
r < H 1 3H / 3 
h H 3x \ 3x 
L_ n \ 
n 
k J 1 i ( a t + s<J>) 
y« + ~ f Qt ~ e ( A - 1 2 5 ) 
n
 ± G r A , n 
The l a t i t u d e dependence i s g i v e n by the s o l u t i o n s o f L a p l a c e ' s 
Equat ion A - 9 5 , which a r e the Hough F u n c t i o n s . The a l t i t u d e dependence 
i s g i v e n by e q u a t i o n A - 6 8 . Due t o t h e i n c o m p l e t e n e s s of t h e Hough 
F u n c t i o n s f o r t h e d i u r n a l o s c i l l a t i o n , t h e f o l l o w i n g terms must be 
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added t o t h e above e q u a t i o n s whenever the d i u r n a l o s c i l l a t i o n i s c o n ­
s i d e r e d . 
- i K a . t + • )
 ( 
u = <Sp(z) e 
a co p 
o 
cos 6 i(co t + 0) 
v = 6 p ( z ) e ( A - 1 2 7 ) 
a co p 
o 
where 
w = w ( z ) P 2 ( y ) e 
x i (co t + <j>) 
w ( z ) 
K J ( Z ) 
3 z 7 g H 
6p = 
g p Q w ( z ) i (cot + <j>) 
P j ( y ) e ( A - 1 2 9 ) 
ic M , i(cot + $) 
6T = J ( z ) P^(u) e ( A - 1 3 0 ) 
icoR 
Expans ion of Hough Funct ions f o r S e m i d i u r n a l O s c i l l a t i o n s 
S i e b e r t [ 1 9 6 1 ] shows the expans ion of the Hough Funct ions i n terms 
of t h e A s s o c i a t e d Legendre P o l y n o m i a l s f o r the s e m i d i u r n a l o s c i l l a t i o n . 
2TT - 1 
I f s = 2 , f = 1 and a = — ( h o u r s ) , then 
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©2
 2 ( 6 ) = V22 - 0 . 3 3 9 P^ + 0 . 0 4 1 P^ - 0 . 0 0 2 Pg + . . . ( A - 1 3 1 ) 
h 2 = 7 . 8 5 km ( A - 1 3 2 ) 
© 2 4 ( 6 ) = 0 . 2 0 2 P^ + P^ - 0 . 8 1 9 P^ + 0 . 2 4 Pg - 0 . 0 4 P^ Q + . . . ( A - 1 3 3 ) 
h 4 = 2 . 1 1 km ( A - 1 3 4 ) 
© 2 6 ( 6 ) = 0 . 1 3 P^ + 0 . 7 5 5 P^ + Pj? - 1 . 7 2 Pg + 0 . 8 8 P* Q 
- 0 . 2 P ^ 2 + . . . ( A - 1 3 5 ) 
h 6 = 0 . 9 5 7 km ( A - 1 3 6 ) 
Expansion o f Hough Funct ions f o r D i u r n a l O s c i l l a t i o n s 
L indzen [ 1 9 6 6 ] shows t h e expans ion of the Hough Funct ions f o r 
t h e d i u r n a l o s c i l l a t i o n s . I f s = 1 , f = y and a = - ^ r ( h o u r s ) , then 
0 * _ 1 ( 6 ) = 0 . 8 9 6 8 P* + 0 . 4 4 0 1 P* + 0 . 0 4 5 3 4 P* 
+ 0 . 0 0 2 0 Py + . . . ( A - 1 3 7 ) 
h _ 1 = - 1 2 . 2 5 km ( A - 1 3 8 ) 
3 ( 6 ) = - 0 . 2 7 0 3 P * + 0 . 4 6 1 3 P * + 0 . 7 7 3 1 P * 
+ 0 . 3 3 0 2 P * + 0 . 0 6 9 8 P * + 0 . 0 0 8 7 P ^ 
h
_ 3 = - 1 . 7 5 1 km 
( e ) = 0 . 2 8 4 2 P* - 0 . 6 4 0 2 P^ + 0 . 6 1 9 5 P^ - 0 . 3 3 3 7 P 
+ 0 . 1 1 5 2 P * - 0 . 0 2 7 6 P ^ + 0 . 0 0 4 9 P * 3 - 0 . 0 0 0 7 P * 5 
= 0 . 7 0 0 km 
( 6 ) = - 0 . 0 7 3 8 + 0 . 1 5 7 3 P * - 0 . 0 5 9 4 - 0 . 2 4 0 1 P * 
+ 0 . 5 1 5 0 P * - 0 . 5 8 0 7 + 0 . 4 5 7 4 - 0 . 2 7 5 7 P * 5 
+ 0 . 1 3 3 2 P ^ 7 - 0 . 0 5 3 0 P ^ g + 0 . 0 1 7 7 P ^ - 0 . 0 0 5 1 P ^ 
+ 0 . 0 0 1 2 P^ 5 + . . . 
h 5 = 0 . 1 2 2 km 




- 0 . 2 3 8 8 + 0 . 1 5 0 0 P ^ + 0 . 1 0 8 9 P ^ 3 - 0 . 3 7 9 5 P * 5 
+ 0 . 5 1 9 7 P* - 0 . 4 9 7 7 p j 9 + 0 . 3 7 8 5 P ^ - 0 . 2 3 8 6 P ^ 3 
+ 0 . 1 2 8 3 P ^ - 0 . 0 5 9 1 P * 7 + 0 . 0 2 1 6 P^ 9 + . . . ( A - 1 4 5 ) 
h y = 0 . 0 4 9 km ( A - 1 4 6 ) 
[ P ^ ( y ) ] 2 dy = 1 
- 1 
1 / 2 
2 n + 1 (n - s ) ! \ 
p S ( u ) = p % ) 
[
 2 (n + s ) ! / 
and the sum of t h e c o e f f i c i e n t s i s o n e . Thus f o r the d i u r n a l o s c i l l a ­




Many p e o p l e have c a r r i e d out F o u r i e r a n a l y s e s o f meteor wind 
d a t a by v a r i o u s methods . One o f t h e major d i f f i c u l t i e s f a c e d i n such 
an a n a l y s i s i s t h a t , i n p r a c t i c e , wind d a t a can be o b t a i n e d o n l y a t 
d i s t i n c t a l t i t u d e s and t imes w i t h r e l a t i v e l y l a r g e i n t e r v a l s o f 
h e i g h t and t ime between t h e s e d a t a p o i n t s . One method of a n a l y s i s was 
d e v e l o p e d by G. V. Groves [ 1 9 5 9 ] which seems t o a l l e v i a t e somewhat t h e 
problem of s p a r s e l y spaced d a t a . A c c o r d i n g t o G r o v e s , h i s method 
removes t h e assumpt ion t h a t v a r i a t i o n s i n the wind w i t h i n the t ime and 
h e i g h t i n t e r v a l s between d a t a p o i n t s a r e n e g l i g i b l e by g e n e r a l i z i n g the 
l e a s t - s q u a r e s s o l u t i o n so t h a t parameters d e f i n i n g t h e t i m e - a n d - h e i g h t -
v a r i a t i o n s o f the wind may be d e t e r m i n e d . 
Because of i t s a b i l i t y t o a n a l y z e s p a r s e l y spaced d a t a , t h e 
Groves method of a n a l y s i s seems as though i t would b e i d e a l f o r t h e 
a n a l y s i s of wind d a t a from chemilumious c l o u d s . Hence , t h i s appendix 
w i l l g i v e a g e n e r a l d e s c r i p t i o n of t h e Groves method as i t was used t o 
a n a l y z e wind d a t a which was accumulated from 1 9 6 2 through 1 9 6 5 . The 
f o l l o w i n g i s no t meant t o be a r i g o r o u s d e r i v a t i o n but o n l y t o g i v e a 
g e n e r a l unders tand ing o f what the Groves method d o e s . 
Genera l L e a s t Squares S o l u t i o n 
Let V be t h e v e c t o r v e l o c i t y o f t h e a t m o s p h e r i c wind and l e t 
V = ( u , v , w ) where u , v , w a r e t h e southward , eastward and v e r t i c a l 
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v e l o c i t i e s . The v e l o c i t i e s u , v , and w a r e determined e x p e r i m e n t a l l y 
and a r e assumed t o be e x p r e s s e d as c e r t a i n s p e c i f i e d f u n c t i o n s of 
h e i g h t z and t ime t . 
u = u ( z , t , a l n ) 
v = v ( z , t , a 2 n ) ( B - l ) 
w = w ( z , t a ^ n ) 
where a ^ n (n = 1 , N; k = 1 , 2 , 3 ) a r e t h e parameters which a r e 
be ing s o u g h t . 
The winds w i l l have s m a l l random f l u c t u a t i o n s due t o e r r o r s i n 
the e x p e r i m e n t a l measurements and the wind s t r u c t u r e . To m i n i m i z e t h e 
e r r o r s caused by t h e s e f l u c t u a t i o n s , we need t o min imize t h e q u a n t i t y 
e . = u.l + v .m + w.n - V. ( B - 2 ) 
l I i l l 
where Z, m, n are u n i t v e c t o r s i n t h e southward , e a s t w a r d , and v e r t i c a l 
d i r e c t i o n s and 
u . = u ( « ± , t . , a l n ) 
The v e l o c i t i e s v . and w. are d e f i n e d i n a s i m i l a r manner. The s u b s c r i p t 
i d e n o t e s t h e i — e v a l u a t i o n of t h e wind . 
S i n c e t h e f l u c t u a t i o n s a r e random, t h e a r e assumed t o be 
independent o f each o t h e r and t o have a normal d i s t r i b u t i o n w i t h a z e r o 
mean and a s t a n d a r d d e v i a t i o n o f a^. The p r o b a b i l i t y t h a t t h e v a l u e s 
o f f o r i = 1 , . . . , M shou ld be i n t h e ranges ( e ^ , + de^) . , . 
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( e M ' e M + d e M ) ± S 
M 
?(ev . . . e M ) de± . . . d e M = 
2 2 
- e . / 2 a / 
e i i 
/ 2 T T a l 
( B - 3 ) 
1 = 1 
The parameters a ^ n a r e chosen so t h a t the o b s e r v e d s e t of v a l u e s 
M J fcl 
— 2 
i = 1 a . 
r e s p e c t t o t h e a ^ n 
i s a minimum wi th 
By d i f f e r e n t i a t i o n , we g e t 
M 
I 
3 e . 
2 1 
0)7 £ . 
• i 1 1 3H 
1 = 1 kn 
= 0 ( B - 4 ) 




( B - 5 ) 
S o l u t i o n f o r Parameters a. 
kn 
Assume t h a t e q u a t i o n s B-1 a r e l i n e a r i n a ^ n so t h a t e q u a t i o n B-2 
becomes 
e. = e. + A 1 1 0 — 
3 e . 3 e . 
l l 3 e . l 
• * « 
L 9 a l l 9 a 1 2 3a 3N J 
1 7 1 
1 1 0 
3 e . 
I 
L 8 a l l 
3 e . 1 
3a 
3N 
A ( B - 6 ) 
where 
e = u ( z t 0 ) I + v ( z t . 0 ) m 1 0 i , i , i , i , 
+ w ( z . t . o) n - V. 
i . i 
and f o r conven ience we can l e t 
e . = - V . 
1 0 1 
( B - 7 ) 
The prime i n e q u a t i o n B-6 i n d i c a t e s a t r a n s p o s e d m a t r i x . An 
u n d e r l i n e d q u a n t i t y i n d i c a t e s t h a t i t i s a m a t r i x . T h i s p r a c t i c e w i l l 
be f o l l o w e d throughout t h i s a p p e n d i x . The m a t r i x A i s d e f i n e d as 
A = 
a l l a 1 2 ' ' ' ' a 3 N ( B - 8 ) 
By s u b s t i t u t i n g e q u a t i o n B-6 i n t o e q u a t i o n B - 5 , Groves [ 1 9 5 9 ] 
shows t h a t e q u a t i o n B-5 becomes 
S e ' + S S ' A ' = 0 
— OOJ — ( B - 9 ) 
where 
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3e. 3e, 3e 
1 3a 11 3a 
co. 
M 





( B - 1 0 ) 
3e. 





and by us ing e q u a t i o n B - 2 , we g e t 
and 
3u, 3u, 
'1 . - 2 , ^ 
"
2
 * ' * ' "M Ja^ 
3u. 
w l 1 12 
3w, 
co. n 






w l e 1 0 M Mo 
oco 
u l V l M M 
( B - 1 2 ) 
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Thus t h e s o l u t i o n of e q u a t i o n B-9 can e a s i l y be seen t o be 
W l V l ' * • • W M V M 
( B - 1 3 ) 
where 
T = S ' (S S O " " 1 ( B - 1 4 ) 
The W e i g h t i n g F a c t o r s , UK 
A c c o r d i n g t o e q u a t i o n B - 5 , t h e w e i g h t i n g f a c t o r s a r e e q u a l t o 
the i n v e r s e s t a n d a r d d e v i a t i o n o f t h e q u a n t i t i e s e . , or 
CO. 1 ( B - 1 5 ) 
However, the d i s t r i b u t i o n of i s n o t known, so t h e w e i g h t i n g 
f a c t o r s w i l l have t o be a p p r o x i m a t e d . Groves [ 1 9 5 9 ] t o o k t h e f o l l o w i n g 
as h i s w e i g h t i n g f a c t o r s : 
- 1 / 2 
( B - 1 6 ) 
From e q u a t i o n s B - 6 , B - 7 , and B - 2 , i t can be shown t h a t t h e 
above v a l u e of u> i s p r o p o r t i o n a l to t h e i n v e r s e s tandard d e v i a t i o n but 
i s c e r t a i n l y n o t e q u a l t o i t . 
He ight and Time V a r i a t i o n s Taken i n t o Account 
I f t h e i n i t i a l d a t a a r e spread i n t e r m i t t e n t l y over l a r g e h e i g h t 
and t ime i n t e r v a l s , then e q u a t i o n s B - 1 a r e f i r s t assumed t o be p e r i o d i c 
1 7 4 
i n t ime w i th a p e r i o d of 2TT/A . The v a r i a t i o n s i n h e i g h t a r e taken i n t o 
account by expanding e q u a t i o n s B - l i n a f i n i t e number o f terms of a 
F o u r i e r expans ion as f o l l o w s : 
u = u ( z ) + u n ( z ) s i n A t + . . . + u ( z ) s i n pAt 
o 1 p 
+ u ^ ( z ) cos A t + . . . + ^ ( z ) cos pAt 
V = v ( z ) + v . ( z ) s i n A t + . . . + v ( z ) s i n qAt 
ft it 
+ v ^ ( z ) cos A t + . . . + v ^ ( z ) cos qAt 
w - W Q ( Z ) + w^(z ) s i n A t + . . . + w^(z ) s i n rAt 
+ w^(z) cos A t + . . . + w^Cz) cos rAt 
where 
2 B i 
u . ( z ) = u J Q + U j l K + u j 2 K + . . . + u . ^ K ( j = 0 , p ) 
u * ( z ) - u * Q + u * 2 K + . . . + u * B K j ( j = l , . . . . , p ) 
V J ( Z ) = V J o + V j l K + " ' * + V j c . K ° j ( j = 0 » q ) 
v * ( z ) - v * Q + v * x K + . . . + v* K j ( j = l , q ) 
( B - 1 7 ) 
( B - 1 8 ) 
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w. ( z ) = w. + W . T K + . ( j=0 r) 
ft ft ft 
w j ( z ) = Wjo + W j l K + • 
ft u i 
+ w . , K (j-l r ) 
K = 
2z - ( z 1 + z 2 ) ( B - 1 9 ) 
where z^ and z 2 a r e t h e g r e a t e s t and l o w e s t h e i g h t s under c o n s i d e r a t i o n 
r e s p e c t i v e l y . 
By comparing e q u a t i o n s B - 1 8 and B - 1 6 , we s e e t h a t t h e c o e f f i ­
c i e n t s a- a r e g i v e n as 
In 
a- = u . + u . 
In j n j n 
( B - 2 0 ) 
S i m i l a r l y , t h e c o e f f i c i e n t s a 2 n and a ^ a r e a l s o d e f i n e d i n terms of 
* * 
v . + v . and w. + w. . So by e q u a t i o n B - 1 6 , we have t h e w e i g h t i n g jn j n j n j n J M » B 6 
f a c t o r s as 
00 . 
1 j = 0 
2 2 B i \ q 
1 + K. + . . . + K. J 1 + I ( 1 + K. 
J
 j = 0 




j = 0 
2d 
1 + K. + . 
l 
. + K, ( B - 2 1 ) 






( B - 2 2 ) 
j k L • » • L _ • • • L • » • L _ oo oB po pB 
M jk, M oo 
M 
oc 
. . M 
_3£ 
. M ( B - 2 3 ) 
N . . . N . . . . N . . . N , 
oo od qo qd 
o — M q 
'ok w 1 I K* . 
L . 
M 
(k = 0 , 
co. t K. s i n j A t . . 
1 1 J 1 
oj. t K. cos j U . , 
1 1 J 1 
• V «M s i n j A t M 
M 
( j - 1 , 
(k = 0 , 
. . P) 




(k = 0 , 
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M.. 
m K 1 s i n j X t 1 . . . a>M m 1 ^ s i n j X t M 
& 1 m K 1 cos j X t 1 . M 
( B - 2 4 ) 
( j = 1 q) 
( k - 0 c ) 
N 
ok OJ 1 n K 1 . (k = 0 , . . . , d Q ) 
N 
oa^  Kl s i n j X . . .u>M ft 1 ^ s i n j X t M 
u 1 W cos j X t ± . . . O J m w cos j X t M 
( j = 1 , . . . , r ) 
(k = 0 , . . . , d ) 
By u s i n g e q u a t i o n s B - 2 2 , B -23 and B - 2 4 , we can s o l v e e q u a t i o n 
B - 1 3 f o r t h e m a t r i x A which g i v e s t h e v a l u e s of u j ( z ) » u j ^ z ^ » v j ^ ' 
* * th 
v ^ ( z ) , w j ( z ) a n d W j ( z ) . Then the ampl i tudes of t h e j — h a r m o n i c s a r e 
g i v e n by 
V Z ) = ( u j 2 ( z ) + u j * 2 ( z ) 
1 / 2 
1 / 2 
Y z ) = ( v j 2 ( z ) + v / 2 ( z ) ^ ( B" 2 5 ) 
1 / 2 
W J ( Z ) = ( W J 2 ( Z ) + W j * 2 ( Z ) 
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and t h e i r phase a n g l e s a r e 
. ( z ) = - tan - 1 
U j ( z ) - - tan 
- 1 v ( z ) " 
V ( z ) 
( B - 2 6 ) 
( z ) = - tan 
- 1 
w . ( z ) 
_J 
w ( z ) 
Va lues Used f o r t h e Present Experiment 
To a n a l y z e the wind d a t a f o r purposes of the p r e s e n t p a p e r , the 
f o l l o w i n g parameter v a l u e s were u s e d . In e q u a t i o n s B - 1 7 , we have 
p = q = 1 
( B - 2 7 ) 
r = o 
So u = u ( z ) + U T ( Z ) s i n A t + u. ( z ) cos A t 
o 1 1 
v = v ( z ) + v , ( z ) s i n A t + v . ( z ) cos A t 
o l l 
( B - 2 8 ) 
w = 0 
Thus , e q u a t i o n s B - 2 8 show t h a t we a r e f i t t i n g a p r e v a i l i n g wind 
component (u^ or v ) p l u s a s i n g l e p e r i o d i c component w i t h a p e r i o d of 
2TT /A t o the wind d a t a . The v e r t i c a l v e l o c i t y i s assumed to be z e r o . 
From e q u a t i o n B - 1 9 , we have 
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z 1 = 140 km 
z 2 = 90 km 
z - 115 
K = ( B - 2 9 ) 
25 
From e q u a t i o n s B - 1 8 , we have 
B = B. = c = c n = 7 
o 1 o 1 
d . = 0 
( B - 3 0 ) 
Thus f o r b o t h the p r e v a i l i n g and the p e r i o d i c w i n d s , the a l t i t u d e 
dependence of the winds i s expanded i n terms of a s eventh order p o l y ­
nomia l of t h e h e i g h t v a r i a b l e z . 
In o r d e r to c a l c u l a t e the w e i g h t i n g f a c t o r s by e q u a t i o n B - 2 1 , i t 
must f i r s t be unders tood t h a t i n the c a s e h e r e , the Groves a n a l y s i s 
w i l l a n a l y z e o n l y one component of the t o t a l wind a t one t i m e . That 
i s , e i t h e r t h e n o r t h - s o u t h or e a s t - w e s t wind components w i l l be a n a l y z e d 
a t one t ime but not s i m u l t a n e o u s l y . Hence f o r the purpose of computing 
the w e i g h t i n g f a c t o r s , whenever we say p = 1 then we must then say 
t h a t q = r = 0 . Thus the w e i g h t i n g f a c t o r s become 
r P = 1 / - 1 / 2 
0) . = 
1 
L_ j = O 
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1 + + . . + K 1 4
1 
- 1 / 2 
( B - 3 1 ) 
By u s i n g e q u a t i o n B - 2 9 , we s e e t h a t t h e w e i g h t i n g f a c t o r s we ight the 
wind d a t a f a l l i n g i n the m i d d l e of the h e i g h t range under c o n s i d e r a t i o n 
most h e a v i l y , i . e . 
a t z = 90 km , OK = 1 / 4 
a t z = 115 km , w. = 
a t z = 140 km , u> = 1 / 4 
T h u s , t h i s i s a r e a s o n a b l e w e i g h t i n g f u n c t i o n b e c a u s e the b e s t wind 
d a t a a r e most l i k e l y t o f a l l i n the m i d d l e of t h e h e i g h t range whereas 
the w o r s t d a t a a r e most l i k e l y t o f a l l around the e x t r e m i t i e s of the 
h e i g h t r a n g e . 
S i n c e we a r e s p e c i f y i n g 7 t h order p o l y n o m i a l f i t s i n h e i g h t , 
t h e s h o r t e s t v e r t i c a l wave length t h a t can be determined by the p r e s e n t 
a n a l y s i s i s 
He ight range 
Order of p o l y n o m i a l minus one 
or 
140 - 90 50 
= 1 6 . 7 km 
Thi s i s s u f f i c i e n t f o r t h e p r e s e n t work because the main i n t e r e s t 
i s i n t h e t i d a l h a r m o n i c s , f o r which t h e s h o r t e s t v e r t i c a l wave length 
1 8 1 
i s about 20 km f o r the 24 hour p e r i o d i c o s c i l l a t i o n s . 
Using t h e s e parameter v a l u e s , a computer program was c o n ­
s t r u c t e d which would do a Groves a n a l y s i s on the a v a i l a b l e wind d a t a . 
The a m p l i t u d e s and phases f o r d i f f e r e n t p e r i o d i c o s c i l l a t i o n s were 
c a l c u l a t e d . A l l the phases were c a l c u l a t e d w i th r e f e r e n c e t o the t ime 
of day a f t e r midn ight when a maximum ampl i tude of o s c i l l a t i o n o c c u r r e d . 
D i f f e r e n t rn r ' 0 ,h* r conmonents were o b t a i n e d by v a r y i n g t h e f requency A. 
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APPENDIX C 
< u ( z ) v ( z + 6 z ) > 
F ( 5 z ) = YJl ( C - 2 ) 
{ < [ u ( z ) ] 2 > < [ v ( z + 6 z ) ] 2 > } 
To s e e how t h e s e f u n c t i o n s r e l a t e t o the wave length and phase 
d i f f e r e n c e s of the wind components , c o n s i d e r the f o l l o w i n g h y p o t h e t i c a l 
wind p r o f i l e : 
u ( z ) = A s i n U + <j0 (C-3) 
v ( z ) = B s i n £ ( C - 4 ) 
where t, i s an a p p r o p r i a t e l y n o n - d i m e n s i o n a l i z e d h e i g h t v a r i a b l e and § 
CORRELATION ANALYSIS 
The v e r t i c a l a u t o c o r r e l a t i o n f u n c t i o n f o r a s i n g l e wind component 
u ( z ) i s d e f i n e d as 
< u ( z ) u ( z + 6 z ) > 
G ( 6 z ) = ( C - D 
{< [ u ( z ) ] 2 > < [ u ( z + 6 z ) ] 2 > } 
where t h e a v e r a g e s a r e taken over a range o f a l t i t u d e s z . Th i s e q u a t i o n 
i s a p p r o p r i a t e whenever the average v a l u e o f the wind component i s z e r o . 
I f the a v e r a g e v a l u e o f the wind component u i s not z e r o , then t h e wind 
component u ( z ) must be r e p l a c e d by u ( z ) - u . 
The c r o s s c o r r e l a t i o n f u n c t i o n of u ( z ) and v ( z ) i s d e f i n e d as 
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i s the phase d i f f e r e n c e between the u and v components . Then 
2TT 
G(6C) = 





s i n ( c + <J>) d c 
or 
G(6c) = cos (6c) ( C - 5 ) 
where A and B are c o n s t a n t s 
Thus 
G = 1 a t 6c = 0 
G = 0 a t 6c = TT/2 
Then the h e i g h t i n t e r v a l between t h e v a l u e s of G = 1 and G = 0 i s e q u a l 
t o one q u a r t e r of the v e r t i c a l w a v e l e n g t h . A l though t h e a c t u a l wind 
p r o f i l e i s composed of components w i t h many d i f f e r e n t w a v e l e n g t h s , a 
g e n e r a l c o s i n e - l i k e dependence f o r G ( 6 z ) i s s t i l l o b s e r v e d f o r the 
t i d a l m o t i o n s and t h e a n a l y s i s then g i v e s the dominant w a v e l e n g t h . 
I f e q u a t i o n s C-3 and C-4 a r e s u b s t i t u t e d i n t o t h e c r o s s c o r r e l a ­
t i o n C - 2 , then we g e t 
2TT 
AB s i n ( c + <j>) s i n ( c + 6c) d c 
F(6C) = 
2TT 2TT 1 / 2 
AB [ s i n (C + < > ) ] d c [ s i n (C + 6 0 ] d c , 
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2TT 2TT f 2 f 2 
cos <j> cos (6c) s i n £ d£ + s i n <j> s i n (6c) cos £ d£ 
2 
s i n ^ d ; 
F(6s) = cos <f> cos (6?) + s i n <}> s i n (6?) 
F(6c) = cos (6r, - <j)) ( C - 6 ) 
Thus e q u a t i o n C-6 g i v e s the same v a r i a t i o n w i t h 6? as e q u a t i o n 
C-5 e x c e p t d i s p l a c e d by an amount e q u a l t o the phase d i f f e r e n c e <j> 
between t h e northward and eastward wind components . 
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1 8 6 
- B 2 s i n 2 <jO cos 2 c - B 2 s i n 2 <J> s i n 2 ( D - 5 ) 
2 1 2 2 1 2 1 2 
V = - j (A + B ) - - j A cos 2 c - j B cos 2 ( c + 40 ( D - 6 ) 
Now f o r c e e q u a t i o n D-6 t o have t h e form 
V 2 = j ( A 2 + B 2 ) - C cos (2 ? + a) ( D - 7 ) 
2 1 2 2 
V = - j ( A Z + B Z ) - C cos 2 £ cos a 
+ C s i n 2 C s i n a ( D - 8 ) 
By comparison o f e q u a t i o n s D-5 and D - 8 , we g e t 
C cos a = - j ( A 2 + B 2 cos 2<J0 
1 2 
C s i n a = j B s i n 2 <|) 
( D - 9 ) 
( D - 1 0 ) 
By s o l v i n g e q u a t i o n s D-9 and D-10 f o r C and a , one g e t s f o r the 
q u a n t i t y C 
2 
C = A B 
1 1 / 2 
2 1 / A B 
cos • + - - - - ( D - l l ) 
I f we l e t 
a = <t> + ( D - 1 2 ) 
then e q u a t i o n s D-9 and D - 1 0 become 
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or 
1 2 2 
cos (J> cos 3 - s i n <J> s i n 3 = -^q ^ + B cos 2 <j>) ( D - 1 3 ) 
1 2 
s i n 4> cos 3 + cos $ s i n 3 = (B s i n 2 <J>) ( D - 1 4 ) 
The s o l u t i o n of e q u a t i o n s D-13 and D-14 f o r cos 3 and s i n 3 g i v e 
s i n 4> o 2 
s i n 3 = (B - A ) 
2 C 
cos cf) 2 2 
cos 3 = (A + B ) 
2 C 
2 2 
B - A 
tan 3 = — 5 tan cf) ( D - 1 5 ) 
B + A 
Thus , e q u a t i o n D-7 i s a c t u a l l y e q u a t i o n I I I - 5 where the q u a n t i t i e s 
C and a a r e d e f i n e d by e q u a t i o n s D - l l , D - 1 2 , and D - 1 5 . 
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APPENDIX E 
DERIVATION OF EQUATION I I I - 8 
V = A s i n (k z + <j>.) 
n 1 
V = B s i n (k z + <f>J 
e I 
( E - l ) 
( E - 2 ) 
Le t 
£ = k z + 0. 
'2 *1 




B s i n (C + <j>) 
A s i n C 
B 






cos 0 + s i n <j> tan ( — - £ 
2 
( E - 3 ) 
o r 
cos C A tan 0 - B cos 
s i n c B s i n 
2 2 2 
= V + V 
n e 
2 2 2 2 2 
V = A s i n c + B s i n ( c + <|>) 
2 2 2 2 2 2 2 2 2 
V = A s i n £ + B s i n C cos cb + B s i n (J) cos £ 
2 
+ 2 B s i n <f> cos <f> s i n £ cos c 
By u s i n g e q u a t i o n E - 4 , we have 
2 2 2 \ 2 2 2 2 
A + B cos cj) B s i n <J> + B s i n <j> (A tan 0 - B 
3 2 / 
+ 2 B s i n cb cos cb A tan 0 - B cos 
2 2 
B + A 
2 A B tan 0 cos 
- 1 
,2 -
A 2 n 2 • 2 A B s i n 
2 2 2 2 
B cos 0 + A s i n 0 - 2 A B cos cb s i n 0 cos 
C o n s i d e r 
2 2 2 2 2 2 2 2 
a cos ( 0 - a ) + b s i n ( 0 - a ) = B cos 0 + A s i n 
- 2 A B cos cb s i n 0 cos 
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2 2 2 
a ( c o s 6 cos a + s i n 6 s i n a + b ( s i n 6 cos a 
2 
- cos 6 s i n a ) 
2 2 2 2 2 2 2 2 2 (a cos a + b s i n a ) cos 6 + (a s i n a + b cos a ) 
( s in e j + 2 s i n a cos a (a - b ) s i n 6 cos 
2 2 
o r 2 s i n a cos a (a - b ) = - 2 A B cos $ ( E - 7 ) 
2 2 2 2 2 
a cos a + b s i n a = B ( E - 8 ) 
2 2 2 2 2 
a s i n a + b cos a = A ( E - 9 ) 
S o l v i n g e q u a t i o n s E - 6 , E-7 and E - 8 , we have 
2 A B cos 
s i n 2 a = - ^ j - ( E - 1 0 ) 
a - b 
2 2 2 2 





2 ( E - l l ) 
a - b 
2 2 2 2 
a + b = A* + B z ( E - 1 2 ) 
From e q u a t i o n s E-9 and E - 1 0 , we have 
2 A B cos (j> 
tan 2 a = s x — ( E - 1 3 ) 
A Z - B 
1 9 1 
From e q u a t i o n s E-10 and E - l l , we have 
1
 (
 + R 2 B 2 - A 2 
a = — I A + B 
2 V cos 2 a 
1
 ' A2 fC0S 2 a " 1^ + B2 ^  cos 2 a + 1N 
cos 2 a cos 2 a 
- tan 2 a 
2 
cos 2 a - 1' 
s i n 2 a 
+ B' 
cos 2 a + 1 
s i n 2 a 
2 1 / 2 B ' 
a = — tan 2 a - A tan a + 
tan a 
A g a i n , we have from e q u a t i o n s E - 1 0 and E - l l 
2
 1
 f 2 2 A ' " B ' 
b = - [ A + B + 
cos 2 a 
( E - 1 4 ) 
cos 2 a + 1 
cos 2 a 
+ B 
cos 2 a - 1 
cos 2 a 
b = — tan 2 a 
2 tan a 
- B tan a ( E - 1 5 ) 
From e q u a t i o n s E - 1 3 and E - 1 4 , we have 
1
 2 ( 2 B ' 
— tan 2 a - A tan a + 
- B tan a 




2 2 2 / A 4 + B 4
 2 2 1 + tan a 
a b = tan 2a I - + A B 
4 t a n 2 a 
Now n o t e t h a t 
4 2 
1 + t a n a - 2 tan a 
2
 n , 2 t a n 2a 4 t a n a 
So 
1 + tan a 
4 t a n a 
2 2 2 
a b = tan 2a 
4 4 
A + B
 + A 2 B 2 
, tan 2a 
1 
+ -
2 2 2 
a b = tan 2a 
4 2 2 
'A A* B . 4 n 
+ 
2 2 
+ A B 
Using e q u a t i o n E - 1 2 , we have 
a b 
/ » 2 _j 2 2 
4 A B cos 
(A^ - BV 
2 2 PC - B Z 2 2 + A B 
*2 „ 2 2 , ,
 A 2 2 
= - A B cos d> + A B 
1
 2
 n ( A ^ B , k2 2 2 4 
= — tan 2 a I - A +
 2 — + A B tan a - B 
tan a 
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2 2 2 2 2 
a b = A B s i n <j> ( E - 1 6 ) 
So from e q u a t i o n s E - 5 , E-6 and E - 1 6 , we have 
2
 K 2 
2 a b 
V = - ^ 2 2 ( E " 1 7 ) 
a cos (0 - a ) + b s i n (0 - a ) 
Using e q u a t i o n s E - 1 2 and E - 1 6 , we have 
a 2 + A 2 B 2 s i n 2 • . A 2 + B 2 
a 
4 2 2 2 2 2 2 
a - (A + B ) a + A B s i n <b = 0 
2 2 ( A Z + B Z ) - - 2 2 2 2 2 2 (A + B ) - 4 A B Z s i n ^ <b 
J 
1 / 2 
( E - 1 8 ) 
2 2 ( A Z + B Z ) + - 2 2 2 2 2 2 (A + B ) - 4 A B s i n <f> 
1 / 2 
( E - 1 9 ) 
Thus e q u a t i o n I I I - 8 i s g i v e n as e q u a t i o n E - 1 7 where a , b and 
a a r e d e f i n e d by e q u a t i o n s E - 1 8 , E-19 and E - 1 3 . 
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APPENDIX F 
DERIVATION OF EQUATION I I I - l l 
2 
I f we assume t h a t t h e c o r r e c t v a l u e o f V i n e q u a t i o n I I I - 5 i s 
2 " ^ 2 2 
V = - ( A Z + B Z ) 
2 
2 
then t h e p o s s i b l e e r r o r i n V i s C , the ampl i tude o f the m o d u l a t i o n term 
2 
i n e q u a t i o n I I I - 5 . The p r o b a b l e e r r o r i n V i s d e f i n e d as t h a t m a g n i ­
tude of t h e e r r o r whose p r o b a b i l i t y o f be ing exceeded i s o n e - h a l f . 
S i n c e t h e e r r o r form i n e q u a t i o n I I I - 5 i s s i n u s o i d a l , then t h e v a l u e o f 
t h e p o s s i b l e e r r o r f o r which the p r o b a b i l i t y o f be ing exceeded i s 
o n e - h a l f o c c u r s when the argument o f t h e c o s i n e i s T T / 4 . T h e r e f o r e 
2 r — 
t h e p r o b a b l e e r r o r i n V i s C/ / 2 ~ \ 
Le t 6 be t h e p r o b a b l e e r r o r i n V. Then 
(V + 6 ) 2 = V 2 + 2 V 6 + 6 2 
2 
I f o n l y f i r s t o r d e r terms i n <5 a r e k e p t , then the p r o b a b l e e r r o r i n V 
i s seen t o be 2 V 6 . 
C 





2 / T \ (A2




2 A + B 
T7T ( F - l ) 
Thus , e q u a t i o n I I I - l l i s j u s t e q u a t i o n F - l , 
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APPENDIX G 
ENERGY SPECTRUM GRAPHS 
The energy spectrum f u n c t i o n f o r the h e i g h t s of 95 km through 
135 km i n s t e p s of 5 km were c a l c u l a t e d by the Groves a n a l y s i s . 
Graphs f o r the h e i g h t s 95 t o 115 km a r e shown i n Chapter I I I . The 
f o l l o w i n g a r e the graphs f o r the r e s t o f the h e i g h t s . 
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F i g u r e 3 2 . Energy Spectrum o f P e r i o d i c Mot ions a t 100 km 
(Lower) and 105 km ( U p p e r ) . 
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F i g u r e 3 3 . Energy Spectrum of P e r i o d i c M o t i o n s a t 110 km 
(Lower) and 120 km ( U p p e r ) . 
F i g u r e 3 4 . Energy Spectrum o f P e r i o d i c Mot ion a t 125 km 
(Lower) and 130 km ( U p p e r ) . 
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F i g u r e 3 5 . Energy Spectrum of P e r i o d i c Mot ion a t 135km. 
2 0 1 
GLOSSARY OF FREQUENTLY USED SYMBOLS 
Symbol D e f i n i t i o n Page 
a Radius o f t h e e a r t h 12 
Cp S p e c i f i c h e a t a t c o n s t a n t p r e s s u r e 13 
C S p e c i f i c heat a t c o n s t a n t volume 13 
v r 
X D i v e r g e n c e of v e l o c i t y 13 
6p Change i n p r e s s u r e 13 
T Change i n t emperature 13 
F O p e r a t o r d e f i n e d by e q u a t i o n A - 3 5 116 
f - f _ 12 
2 OJ 
g A c c e l e r a t i o n of g r a v i t y 2 
y R a t i o o f s p e c i f i c h e a t s 13 
H S c a l e h e i g h t of atmosphere 3 
h E q u i v a l e n t depth 4 
h E i g e n v a l u e of atmosphere 4 
i = /=T 13 
J Heat added per u n i t mass per u n i t t ime 12 
k Wave number 37 
12 
Y 
A Commensurable p a r t of a day 4 
M Mean m o l e c u l a r we ight o f a i r 3 
y = cos 9 12 
OJ E a r t h ' s r o t a t i o n r a t e 12 
Q G r a v i t a t i o n a l p o t e n t i a l 13 
2 0 2 
G l o s s a r y ( C o n t ' d . ) 
Symbol D e f i n i t i o n Page 
P N ( 9 ) A s s o c i a t e d Legendre P o l y n o m i a l s 2 2 
Undi s turbed a tmospher i c p r e s s u r e 1 0 1 
p A c t u a l a tmospher i c p r e s s u r e 1 0 2 
<j> L o n g i t u d e 4 
R U n i v e r s a l gas c o n s t a n t 3 
Undi s turbed a tmospher i c d e n s i t y 1 0 1 
p A c t u a l a tmospher i c d e n s i t y 1 0 2 
s L o n g i t u d e wave number 4 
g 
S. Wave t y p e 4 
A ,n 
a Frequency o f a tmospher i c o s c i l l a t i o n 1 1 
t Time 1 3 
T Q U n d i s t u r b e d a t m o s p h e r i c t emperature 3 
T A c t u a l a tmospher i c t emperature 1 0 2 
6 L a t i t u d e 12 
g 
9 , Hough F u n c t i o n s 1 2 
u Southward v e l o c i t y component 1 3 
v Eastward v e l o c i t y component 1 3 
w V e r t i c a l v e l o c i t y component 1 3 
x S c a l e h e i g h t c o r r e c t e d a l t i t u d e 1 2 
y ^ ( x ) De f ined by e q u a t i o n A - 6 6 1 3 1 
z A l t i t u d e 1 3 
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